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Chapter 9

A1e)
(4 marks)

Given: Pstn (kPa) = 94
zstn (m) = 610
Tv (degC) = 20
Tv (K) = 293.15

Find: PMSL = ? kPa

First, use eqn 9.2:

where ϒsa = 0.0065 K/m
and Tv(to - 12h) = Tv(to) = 293.15 K

av Tv* = 295.13 K

Use eqn. 9.1: 

where a = 29.3 m/K

PMSL = 100.9 kPa

Check: Units ok. Physics ok. 

Discussion: At some stations, the PMSL may be located below the ground.

Find the pressure "reduced to sea level" using the following station 
observations of pressure, height, and virtual temperature. Assume no 
temperature change over the past 12 hours: e) P = 94kPa, z = 610m, Tv = 20C.



A7a)
(5 marks)

Check: Shapes of the isotherms make sense. They don't cross each other.

Discussion: There is a strong temperature gradient in the SW.

A8e)
8

Photocopy the USA weather map in Fig. 9.19, and analyze it by drawing 
isopleths for: a) temperature (isotherms) every 5F

Using the Canadian weather map of Fig. 9.20, decode the weather 
data for 
the station assigned by your instructor: e). 



T = 21 degC
visibility = 30 km

80
visibility = vis - 50    (for 56 ≤ vis ≤ 80)
Td = 12 degC
P = 101 kPa
current wx = light showers
low cloud = stratocumulus
total cloud cover = Overcast (8 oktas)
calm winds

Note: 9/8 possible here

Discussion: Using a map with multiple station plots, we can easily draw
the isobars, isotherms, cloud coverage, and precipitation regions. We can
then use analysis to infer where the low pressure centre and its associated
cold and warm fronts are.

A10all)
(15 marks)

Diagrams on next pages.



Discussion: Weather forecasters in training at environment canada have 
to draw diagrams like this every morning!



Chapter 13

A3e)
(4 marks)

Given: Δz_mtn = 1.2 km
Δz_T = 12 km
φ = 45 deg

Find: A = ? km
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“C” in Fig. 13.20 given an average wind speed (m s–1) 
of: a. 20 b. 25 c. 30 d. 35 e. 40 f. 45 g. 50
 h. 55 i. 60 j. 65 k. 70 l. 75 m. 80 n. 85

A8.  Regarding equatorward propagation of cy-
clones on the eastern slope of mountains, if a cyclone 
of radius 1000 km and potential vorticity of 3x10–8  
m–1s–1 is over a slope as given below (∆z/∆x), "nd the 
change in relative vorticity (s–1) between the north 
and south sides of the cyclone.
 a.  1/500    b. 1/750    c. 1/1000    d. 1/1250
 e. 1/1500    f. 1/1750   g. 1/2000   h. 1/2250
 i. 1/2500    j. 1/2750    k. 1/3000   l. 1/3250

A9.  Recall from the Atmospheric Forces and Winds 
chapter that incompressible mass continuity implies 
that ∆W/∆z = –D, where D is horizontal divergence.  
Find the Coriolis contribution to the stretching term 
(s–2) in the relative-vorticity tendency equation, giv-
en the average 85 kPa divergence in Fig. 13.26 for the 
following USA state:
 a. AZ   b. WI   c. KS   d. KY   e. VA   f. CO   g. KA
 h. AB   i. MD   j. ID   k. central TX   l. NY   m. IN

A10.  Find the spin-up rate (s–2) of quasi-geostrophic 
vorticity, assuming that the following is the only 
non-zero characteristic:
 a. Geostrophic wind of 30 m s–1 from north with-
in region where geostrophic vorticity increases to-
ward the north by 6x10–5 s–1 over 500 km distance.
 b.  Geostrophic wind of 50 m s–1 from west with-
in region where geostrophic vorticity increases to-
ward the east by 8x10–5 s–1 over 1000 km distance.
 c. A location at 40°N with geostrophic wind from 
the north of 25 m s–1.
 d. A location at 50°N with geostrophic wind from 
the south of 45 m s–1.  
 e. A location at 35°N with vertical velocity increas-
ing 0.5 m s–1 with each 1 km increase in height.
 f. A location at 55°N with vertical velocity decreas-
ing 0.2 m s–1 with each 2 km increase in height.

A11.  Find the value of geostrophic vorticity (s–1), 
given the following changes of (Ug, Vg) in m s–1 with 
500 km distance toward the (north, east):
 a. (0, 5) b. (0, 10) c. (0, –8)   d. (0, –20)
 e. (7, 0) f. (15, 0) g. (–12, 0)   h. (-25, 0)
 i. (5, 10) j. (20, 10)   k. (–10, 15)    l. (–15, –12)

A12. Find the value of geostrophic vorticity (s–1), 
given a geostrophic wind speed of 35 m s–1 with the 
following radius of curvature (km).  Assume the air 
rotates similar to a solid-body.
 a. 450   b. –580   c. 690   d. –750   e. 825   f. –988
 g. 1300   h. –1400   i. 2430   j. –2643   k. 2810
 l. –2900   m. 3014   n. –3333

"QQMZ
A1.  For latitude 50°N, "nd the approximate wave-
length (km) of upper-atmosphere (Rossby) waves 
triggered by mountains, given an average wind 
speed (m s–1) of:
 a. 20 b. 25 c. 30 d. 35 e. 40 f. 45 g. 50
 h. 55 i. 60 j. 65 k. 70 l. 75 m. 80 n. 85

A2.  Find the rate of increase of the C parameter (i.e., 
the rate of change of Coriolis parameter with dis-
tance north) in units of m–1s–1 at the following lati-
tude (°N):
 a. 40 b. 45 c. 50 d. 55 e. 60 f. 65 g. 70
 h. 80 i. 35 j. 30 k. 25 l. 20 m. 15 n. 10

A3.  Given a tropospheric depth of 12 km at latitude 
45°N, what is the meridional (north-south) ampli-
tude (km) of upper-atmosphere (Rossby) waves trig-
gered by mountains, given an average mountain-
range height (km) of:
 a. 0.4 b. 0.6 c. 0.8 d. 1.0 e. 1.2 f. 1.4 g. 1.6
 h. 1.8 i. 2.0 j. 2.2 k. 2.4 l. 2.6  m. 2.8  n. 3.0

A4.  How good is the approximation of eq. (13.4) to 
eq. (13.3) at the following latitude (°N)?
 a. 40 b. 45 c. 50 d. 55 e. 60 f. 65 g. 70
 h. 80 i. 35 j. 30 k. 25 l. 20 m. 15 n. 10

A5.  For a troposphere of depth 12 km at latitude 
43°N, "nd the potential vorticity in units of m–1s–1, 
given the following:
 [wind speed (m s–1)  ,  radius of curvature (km)]
 a. 50 , 500
 b. 50 , 1000
 c. 50 , 1500
 d. 50 , 2000
 e. 50 , –500
 f. 50 , – 1000
 g. 50 , –1500
 h. 50 , -2000
 i. 75 , 500
 j. 75 , 1000
 k. 75 , 1500
 l. 75 , 2000
 m. 75 , –1000
 n. 75 , – 2000

A6.  For air at 55°N with initially no curvature, "nd 
the potential vorticity in units of m–1s–1 for a tropo-
sphere of depth (km):
 a. 7.0 b. 7.5 c. 8.0 d. 8.5 e. 9.0 f. 9.5 g. 10.0
 h. 10.5   i. 11 j. 11.5 k. 12 l. 12.5  m. 13  n. 13.5

A7.  When air at latitude 60°N #ows over a mountain 
range of height 2 km within a troposphere of depth 
12 km, "nd the radius of curvature (km) at location 



Use eqn 13.3:

where fc/β = Rearth*tan(φ) from page 444 below eqn 13.3
Rearth = 6371 km

fc/β = 6371 km

A = 637.10 km

Check: Units ok. Physics ok. 
Discussion: The higher the mountains, the shorter the
column of air will be, and with this greater change, relative vorticity will
need to decrease more to conserve potential vorticity. This decreasing
relative vorticity is what initiates the Rossby wave.

A7e)
(7 marks)

Given: φ = 60 ° 1.04719755 radians
Δz_mtn = 2 km 2000 m
Δz_T = 12 km 12000 m
M = 40 m/s 0.04 km/s

Find: Rc = ? km

Can assume that the crest after location c is at the same latitude as loc. a
Therefore can use equation 13.4 to find the amplitude of the Rossby wave.

where R_earth (km) = 6371
(m) = 6371000

A = 1061.83 km 2A = 2123.66667 km
1.06E+06 m
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4UBUJPOBSZ�3PTTCZ�8BWFT
 Consider a wind that causes air in the troposphere 
to blow over the Rocky mountains (Fig. 13.20).  Con-
vective clouds (e.g., thunderstorms) and turbulence 
can cause the Rossby wave amplitude to decrease 
further east, so the !rst wave after the mountain (at 
location c in Fig. 13.20) is the one you should focus 
on.
 These Rossby waves have a dominant wave-
length (M) of roughly
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where the mean wind speed is  M.  As you have seen 
in an earlier chapter, C is the northward gradient of 
the Coriolis parameter ( fc):  
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Factor  2·8 = 1.458x10–4 s–1 is twice the angular rota-
tion rate of the Earth.  At North-American latitudes, 
C is roughly 1.5 to 2x10–11 m–1 s–1.
 Knowing the mountain-range height (∆zmtn) rela-
tive to the surrounding plains, and knowing the ini-
tial depth of the troposphere (∆zT), the Rossby-wave 
amplitude A is:

    A
f z
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·  (13.3)

Because C is related to fc, we can analytically !nd 
their ratio as  fc/C = REarth·tan(G), where the average 
radius (REarth) of the Earth is 6371 km.  Over North 
America the tangent of the latitude G is tan(G) ≈ 1.  
Thus:
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where 2A is the ∆y distance between the wave trough 
and crest.  
 In summary, the equations above show that 
north-south Rossby-wave amplitude depends on 
the height of the mountains, but does not depend on 
wind speed.  Conversely, wind speed is important 
in determining Rossby wavelength, while mountain 
height is irrelevant.   

1PUFOUJBM�WPSUJDJUZ�$POTFSWBUJPO
 Use conservation of potential vorticity as a tool 
to understand such mountain lee-side Rossby-wave 
triggering (Fig. 13.20).  Create a “toy model” by as-
suming wind speed is constant in the Rossby wave, 

Sample Application
 What amplitude & wavelength of terrain-triggered 
Rossby wave would you expect for a mountain range 
at 48°N that is 1.2 km high?  The upstream depth of the 
troposphere is 11 km, with upstream wind is 19 m s–1. 

Find the Answer
Given: G = 48°N, ∆zmtn = 1.2 km, ∆zT = 11 km,  
  M = 19 m s–1.
Find:  A = ? km ,  M = ? km  

Use eq. (13.4):
  A = [ (1.2 km) / (11 km) ] · (6371 km)  =  695 km  

Next, use eq. (13.2) to !nd C at 48°N:
  C = (2.294x10–11 m–1·s–1) · cos(48°) = 1.53x10–11 m–1·s–1 

Finally, use eq. (13.1):
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Check:  Physics and units are reasonable.
Exposition:  Is this wave truly a planetary wave?  
Yes, because its wavelength (6,990 km) would !t 3.8 
times around the Earth at 48°N (circumference = 
2·π·REarth·cos(48°) = 26,785 km).  Also, the north-south 
meander of the wave spans 2A = 12.5° of latitude.

Figure 13.20
Cyclogenesis to the lee of the mountains.  (a) Vertical cross sec-
tion.  (b) Map of jet-stream !ow.  “Ridge” and “trough” refer to 
the wind-!ow pattern, not the topography.
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where 2A is the ∆y distance between the wave trough 
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triggering (Fig. 13.20).  Create a “toy model” by as-
suming wind speed is constant in the Rossby wave, 

Sample Application
 What amplitude & wavelength of terrain-triggered 
Rossby wave would you expect for a mountain range 
at 48°N that is 1.2 km high?  The upstream depth of the 
troposphere is 11 km, with upstream wind is 19 m s–1. 

Find the Answer
Given: G = 48°N, ∆zmtn = 1.2 km, ∆zT = 11 km,  
  M = 19 m s–1.
Find:  A = ? km ,  M = ? km  

Use eq. (13.4):
  A = [ (1.2 km) / (11 km) ] · (6371 km)  =  695 km  

Next, use eq. (13.2) to !nd C at 48°N:
  C = (2.294x10–11 m–1·s–1) · cos(48°) = 1.53x10–11 m–1·s–1 

Finally, use eq. (13.1):
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Check:  Physics and units are reasonable.
Exposition:  Is this wave truly a planetary wave?  
Yes, because its wavelength (6,990 km) would !t 3.8 
times around the Earth at 48°N (circumference = 
2·π·REarth·cos(48°) = 26,785 km).  Also, the north-south 
meander of the wave spans 2A = 12.5° of latitude.

Figure 13.20
Cyclogenesis to the lee of the mountains.  (a) Vertical cross sec-
tion.  (b) Map of jet-stream !ow.  “Ridge” and “trough” refer to 
the wind-!ow pattern, not the topography.
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Now that we have A, we can find the change in latitude (and therefore the
change in fc) from point a to point c, i.e. over a north-south distance of 2A.

we know 111km = 1°lat 111
so 2A/111km = Δφ = 19.1321321 ° Lat

so φ(c) = φ(a) - Δφ
φ(c) = 40.87 °N 0.71327885 radians

use eqn 10.16
fc = 2*Ω*sin(φ) where 2Ω = 1.46E-04 1/s

fc (at c) = 9.54E-05 1/s
fc (at a) = 1.26E-04 1/s

Use eqn 13.6 and 13.5

Knowing that potential vorticity is conserved and that ΔzT(at a) = ΔzT(at c)
we can rearrage these to be:

R (at c)= M/(fc(at a) - fc(at c))

R (at c) = 1295877.65 m
1295.88 km

Check: Units ok. Physics ok. 

Discussion: The radius of curvature at location c must be positive because
it is turning cyclonically to keep potential vorticity constant.

A14e)
(3.5 marks)
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A13.  What is the value of omega (Pa s–1) following 
a vertically-moving air parcel, if during 1 minute its 
pressure change (kPa) is:
 a. –2 b. –4 c. –6 d. –8 e. –10   f. –12   g. –14
 h. –16   i. –18   j. –20   k. 0.00005    l.  0.0004
 m. 0.003    n. 0.02

A14.  At an altitude where the ambient pressure is 85 
kPa, convert the following vertical velocities (m s–1) 
into omega (Pa s–1):
 a. 2 b. 5 c. 10 d. 20 e. 30 f. 40 g. 50
 h. –0.2    i. –0.5    j. –1.0   k. –3    l. –5    m. – 0.03

A15.  Using Fig. 13.15, !nd the most extreme value 
horizontal divergence (10–5 s–1) at 20 kPa over the 
following USA state:
 a. MI    b. WI   c. IL   d. IN   e. TN   f. GA
 g. MS   h. AB   i. KY   j. PA   k. NY   l. SC

A16.  Find the vertical velocity (m s–1) at altitude 9 
km in an 11 km thick troposphere, if the divergence 
(10–5 s–1) given below occurs within a 2 km thick 
layer within the top of the troposphere.
 a.  0.2   b. 1   c. 1.5   d. 2   e. 3   f. 4   g. 5   h. 6
 i. –0.3   j.–0.7   k. –1.8   l. –2.2   m. –3.5   n. –5

A17.  Jet-stream in"ow is 30 m s–1 in a 4 km thick lay-
er near the top of the troposphere.  Jet-stream out-
"ow (m s–1) given below occurs 800 km downwind 
within the same layer.  Find the vertical velocity (m 
s–1) at the bottom of that layer
 a. 35 b. 40 c. 45 d. 50 e. 55 f. 60 g. 65
 h. 70 i. 30 j. 25 k. 20 l. 15 m. 10 n. 5

A18.  Find the diagonal distance (km) from trough to 
crest in a jet stream for a wave of 750 km amplitude 
with wavelength (km) of:
 a. 1000   b. 1300   c. 1600   d. 2000   e. 2200
 f. 2500   g. 2700   h. 3000   i. 3100   j. 3300
 k. 3800   l. 4100   m. 4200   n. 4500

A19.  Given the data from the previous exercise, !nd 
the radius (km) of curvature near the crests of a si-
nusoidal wave in the jet stream.  

A20.  Find the gradient-wind speed difference (m s–1) 
between the jet-stream speed moving through the 
anticyclonic crest of a Rossby wave in the N. Hemi-
sphere and the jet-stream speed moving through the 
trough.  Use data from the previous 2 exercises, and 
assume a geostrophic wind speed of 75 m s–1 for a 
wave centered on latitude 40°N.

A21.  Given the data from the previous 3 exercises.  
Assuming that the gradient-wind speed difference 

calculated in the previous exercise is valid over a 
layer between altitudes 8 km and 12 km, where the 
tropopause is at 12 km, !nd the vertical velocity (m 
s–1) at 8 km altitude.

A22. Suppose that a west wind enters a region at 
the !rst speed (m s–1) given below, and leaves 500 
km downwind at the second speed (m s–1).  Find the 
north-south component of ageostrophic wind (m 
s–1) in this region.  Location is 55°N.
 a. (40, 50) b. (30, 60) c. (80, 40)   d. (70, 50)
 e. (40, 80) f. (60, 30) g. (50, 40)   h. (70, 30)
 i. (30, 80) j. (40, 70)   k. (30, 70)    l. (60, 20)

A23.  Use the ageostrophic right-hand rule to !nd 
the ageostrophic wind direction for the data of the 
previous problem.

A24.  Using the data from A22, !nd the updraft 
speed (m s–1) into a 4 km thick layer at the top of 
the troposphere, assuming the half-width of the jet 
streak is 200 km.

A25.  Suppose that the thickness of the 100 - 50 kPa 
layer is 5.5 km and the Coriolis parameter is 10–4 s–1.  
A 20 m s–1 thermal wind from the west blows across 
a domain of x dimension given below in km.  Across 
that domain in the x-direction is a decrease of cy-
clonic relative vorticity of 3x10–4 s–1.  What is the 
value of mid-tropospheric ascent velocity  (m s–1), 
based on the omega equation?
 a. 200    b. 300 c. 400    d. 500    e. 600
 f. 700     g. 800  h. 900    i. 1000    j. 1100
 k. 1200   l. 1300 m. 1400  n. 1400

A26.  On the 70 kPa isobaric surface, ∆Ug/∆x = (4 m 
s–1)/(500 km) and ∆T/∆x = ___°C/(500 km), where the 
temperature change is given below.  All other gradi-
ents are zero.  Find the Q-vector components Qx, Qy, 
and the magnitude and direction of Q.   
 a. 1 b. 1.5   c. 2 d. 2.5   e. 3 f. 3.5 g. 4
 h. 4.5    i. 5 j. 5.5 k. 6 l. 6.5 m. 7 n. 7.5

A27.  Find Q-vector magnitude on the 85 kPa isobaric 
surface if the magnitude of the horizontal tempera-
ture gradient is 5°C/200 km, and the magnitude of 
the geostrophic-wind difference-vector component 
(m s–1) along an isotherm is __ /200 km, where __ 
is:   
 a. 1 b. 1.5   c. 2 d. 2.5   e. 3 f. 3.5 g. 4
 h. 4.5    i. 5 j. 5.5 k. 6 l. 6.5 m. 7 n. 7.5

A28.  Find the mass of air over 1 m2 of the Earth’s 
surface if the surface pressure (kPa) is:
 a. 103   b. 102   c. 101   d. 99   e. 98   f. 97     g. 96
 h. 95     i. 93     j. 90     k. 85    l. 80   m. 75    n. 708
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and that there is no wind shear affecting vorticity.  
For this situation, the conservation of potential 
vorticity [p is given by eq. (11.25) as:

  Zp
cM R f

z
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$
�( / )

constant  •(13.5)

 For this toy model, consider the initial winds to be 
blowing straight toward the Rocky Mountains from 
the west.  These initial winds have no curvature at 
location “a”, thus R = ∞ and eq. (13.5) becomes:
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where  ∆zT.a  is the average depth of troposphere at 
point “a”.  Because potential vorticity is conserved, 
we can use this #xed value of [p to see how the Ross-
by wave is generated.  
 Let ∆zmtn  be the relative mountain height above 
the surrounding land (Fig. 13.20a).  As the air blows 
over the mountain range, the troposphere becomes 
thinner as it is squeezed between mountain top and 
the tropopause at location “b”:  ∆zT.b = ∆zT.a – ∆zmtn.   
But the latitude of the air hasn’t changed much yet, 
so fc.b ≈ fc.a.   Because ∆z has changed, we can solve 
eq. (13.5) for the radius of curvature needed to main-
tain [p.b = [p.a.

   R
M

f z zb
c a mtn T a
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$ $. .·( / )  (13.7)

Namely, in eq. (13.5), when ∆z became smaller while 
fc was constant, M/R had to also become smaller to 
keep the ratio constant.  But since M/R was initially 
zero, the new M/R had to become negative.  Nega-
tive R means anticyclonic curvature.
 As sketched in Fig. 13.20, such curvature turns 
the wind toward the equator.  But equatorward-
moving air experiences smaller Coriolis parameter, 
requiring that Rb become larger (less curved) to con-
serve [p .  Near the east side of the Rocky Mountains 
the terrain elevation decreases at point “c”, allowing 
the air thickness ∆z to increase back to is original 
value.  
 But now the air is closer to the equator where 
Coriolis parameter is smaller, so the radius of cur-
vature Rc at location “c” becomes positive in order 
to keep potential vorticity constant.  This positive 
vorticity gives that cyclonic curvature that de#nes 
the lee trough of the Rossby wave.  As was sketched 
in Fig. 13.7, surface cyclogenesis could be supported  
just east of the lee trough.   

Sample Application
 Picture a scenario as plotted in Fig. 13.20, with 25 m 
s–1 wind at location “a”, mountain height of 1.2 km, tro-
posphere thickness of 11 km, and latitude 45°N.  What 
is the value of the initial potential vorticity, and what 
is the radius of curvature at point “b”?

Find the Answer
Given: M = 25 m s–1,  ∆zmtn = 1.2 km,  Rinitial = ∞, 
  ∆zT = 11 km,  G = 45°N. 
Find:  [p.a = ? m–1·s–1,   Rb = ? km

Assumption: Neglect wind shear in the vorticity cal-
culation.

Eq. (10.16) can be applied to get the Coriolis parameter 
 fc = (1.458x10–4 s–1)·sin(45°)  =  1.031x10–4 s–1 

Use eq. (13.6):

 Zp � s 
 
1 031 10
11

4. s
km

1
  =  9.37x10–9  m–1 s–1 

Next, apply eq. (13.7) to get the radius of curvature:

 Rb �



s 
 

( )

( . )·( . / )
25

1 031 10 1 2 114
m/s

s km km1
  =  –2223. km 

Check:  Physics and units are reasonable.
Exposition:  The negative sign for the radius of cur-
vature means that the turn is anticyclonic (clockwise 
in the N. Hemisphere).  Typically, the cyclonic trough 
curvature is the same order of magnitude as the anti-
cyclonic ridge curvature.  East of the #rst trough and 
west of the next ridge is where cyclogenesis is sup-
ported.
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where  ∆zT.a  is the average depth of troposphere at 
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posphere thickness of 11 km, and latitude 45°N.  What 
is the value of the initial potential vorticity, and what 
is the radius of curvature at point “b”?

Find the Answer
Given: M = 25 m s–1,  ∆zmtn = 1.2 km,  Rinitial = ∞, 
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Assumption: Neglect wind shear in the vorticity cal-
culation.
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Exposition:  The negative sign for the radius of cur-
vature means that the turn is anticyclonic (clockwise 
in the N. Hemisphere).  Typically, the cyclonic trough 
curvature is the same order of magnitude as the anti-
cyclonic ridge curvature.  East of the #rst trough and 
west of the next ridge is where cyclogenesis is sup-
ported.
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requiring that Rb become larger (less curved) to con-
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Given: P = 85 kPa
W = 30 m/s

Find: ω = ? Pa/s

Use eqn. 13.14:

|g| = 9.8 m/s^2

From Table 1- 5 estimate
ρ = 1.06 kg/m^3

ω = -311.64 Pa/s

Check: Units ok. Physics ok. 
Discussion: The term omega, by definition, is the change of pressure with
time. So, when omega is negative, this means air is descending and that
 pressure is increasing as the air moves

A16e)
(3 marks)

Given: D = 2.00E-05 /s
?z = 3 km 3000 m

Find: Wmid = ? m/s

Use eqn. 13.15:

Wmid = 0.06 m/s

Check: Units ok. Physics ok. 
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A13.  What is the value of omega (Pa s–1) following 
a vertically-moving air parcel, if during 1 minute its 
pressure change (kPa) is:
 a. –2 b. –4 c. –6 d. –8 e. –10   f. –12   g. –14
 h. –16   i. –18   j. –20   k. 0.00005    l.  0.0004
 m. 0.003    n. 0.02

A14.  At an altitude where the ambient pressure is 85 
kPa, convert the following vertical velocities (m s–1) 
into omega (Pa s–1):
 a. 2 b. 5 c. 10 d. 20 e. 30 f. 40 g. 50
 h. –0.2    i. –0.5    j. –1.0   k. –3    l. –5    m. – 0.03

A15.  Using Fig. 13.15, !nd the most extreme value 
horizontal divergence (10–5 s–1) at 20 kPa over the 
following USA state:
 a. MI    b. WI   c. IL   d. IN   e. TN   f. GA
 g. MS   h. AB   i. KY   j. PA   k. NY   l. SC

A16.  Find the vertical velocity (m s–1) at altitude 9 
km in an 11 km thick troposphere, if the divergence 
(10–5 s–1) given below occurs within a 2 km thick 
layer within the top of the troposphere.
 a.  0.2   b. 1   c. 1.5   d. 2   e. 3   f. 4   g. 5   h. 6
 i. –0.3   j.–0.7   k. –1.8   l. –2.2   m. –3.5   n. –5

A17.  Jet-stream in"ow is 30 m s–1 in a 4 km thick lay-
er near the top of the troposphere.  Jet-stream out-
"ow (m s–1) given below occurs 800 km downwind 
within the same layer.  Find the vertical velocity (m 
s–1) at the bottom of that layer
 a. 35 b. 40 c. 45 d. 50 e. 55 f. 60 g. 65
 h. 70 i. 30 j. 25 k. 20 l. 15 m. 10 n. 5

A18.  Find the diagonal distance (km) from trough to 
crest in a jet stream for a wave of 750 km amplitude 
with wavelength (km) of:
 a. 1000   b. 1300   c. 1600   d. 2000   e. 2200
 f. 2500   g. 2700   h. 3000   i. 3100   j. 3300
 k. 3800   l. 4100   m. 4200   n. 4500

A19.  Given the data from the previous exercise, !nd 
the radius (km) of curvature near the crests of a si-
nusoidal wave in the jet stream.  

A20.  Find the gradient-wind speed difference (m s–1) 
between the jet-stream speed moving through the 
anticyclonic crest of a Rossby wave in the N. Hemi-
sphere and the jet-stream speed moving through the 
trough.  Use data from the previous 2 exercises, and 
assume a geostrophic wind speed of 75 m s–1 for a 
wave centered on latitude 40°N.

A21.  Given the data from the previous 3 exercises.  
Assuming that the gradient-wind speed difference 

calculated in the previous exercise is valid over a 
layer between altitudes 8 km and 12 km, where the 
tropopause is at 12 km, !nd the vertical velocity (m 
s–1) at 8 km altitude.

A22. Suppose that a west wind enters a region at 
the !rst speed (m s–1) given below, and leaves 500 
km downwind at the second speed (m s–1).  Find the 
north-south component of ageostrophic wind (m 
s–1) in this region.  Location is 55°N.
 a. (40, 50) b. (30, 60) c. (80, 40)   d. (70, 50)
 e. (40, 80) f. (60, 30) g. (50, 40)   h. (70, 30)
 i. (30, 80) j. (40, 70)   k. (30, 70)    l. (60, 20)

A23.  Use the ageostrophic right-hand rule to !nd 
the ageostrophic wind direction for the data of the 
previous problem.

A24.  Using the data from A22, !nd the updraft 
speed (m s–1) into a 4 km thick layer at the top of 
the troposphere, assuming the half-width of the jet 
streak is 200 km.

A25.  Suppose that the thickness of the 100 - 50 kPa 
layer is 5.5 km and the Coriolis parameter is 10–4 s–1.  
A 20 m s–1 thermal wind from the west blows across 
a domain of x dimension given below in km.  Across 
that domain in the x-direction is a decrease of cy-
clonic relative vorticity of 3x10–4 s–1.  What is the 
value of mid-tropospheric ascent velocity  (m s–1), 
based on the omega equation?
 a. 200    b. 300 c. 400    d. 500    e. 600
 f. 700     g. 800  h. 900    i. 1000    j. 1100
 k. 1200   l. 1300 m. 1400  n. 1400

A26.  On the 70 kPa isobaric surface, ∆Ug/∆x = (4 m 
s–1)/(500 km) and ∆T/∆x = ___°C/(500 km), where the 
temperature change is given below.  All other gradi-
ents are zero.  Find the Q-vector components Qx, Qy, 
and the magnitude and direction of Q.   
 a. 1 b. 1.5   c. 2 d. 2.5   e. 3 f. 3.5 g. 4
 h. 4.5    i. 5 j. 5.5 k. 6 l. 6.5 m. 7 n. 7.5

A27.  Find Q-vector magnitude on the 85 kPa isobaric 
surface if the magnitude of the horizontal tempera-
ture gradient is 5°C/200 km, and the magnitude of 
the geostrophic-wind difference-vector component 
(m s–1) along an isotherm is __ /200 km, where __ 
is:   
 a. 1 b. 1.5   c. 2 d. 2.5   e. 3 f. 3.5 g. 4
 h. 4.5    i. 5 j. 5.5 k. 6 l. 6.5 m. 7 n. 7.5

A28.  Find the mass of air over 1 m2 of the Earth’s 
surface if the surface pressure (kPa) is:
 a. 103   b. 102   c. 101   d. 99   e. 98   f. 97     g. 96
 h. 95     i. 93     j. 90     k. 85    l. 80   m. 75    n. 708
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 You can also use updraft speed to estimate cy-
clone strength and the associated clouds.  For the 
case-study cyclone, Fig. 13.25 shows upward motion 
near the middle of the troposphere (at 50 kPa).  
 Recall from classical physics that the de!nition of 
vertical motion is W  = ∆z/∆t, for altitude z and time  
t.  Because each altitude has an associated pressure, 
de!ne a new type of vertical velocity in terms of 
pressure.  This is called omega (X):

    W � $
$
P
t  •(13.13)

Omega has units of Pa s–1. 
 You can use the hypsometric equation to relate W 
and X:
    W R� 
 · ·g W  •(13.14)

for gravitational acceleration magnitude |g| = 9.8 
m·s–2 and air density S.  The negative sign in eq. 
(13.14) implies that updrafts (positive W) are associ-
ated with negative X.  As an example, if your weath-
er map shows X =  –0.68 Pa s–1 on the 50 kPa surface, 
then the equation above can be rearranged to give W 
= 0.1 m s–1, where an mid-tropospheric density of S ≈ 
0.69 kg·m–3 was used.  
   Use either W or X to represent vertical motion.  Nu-
merical weather forecasts usually output the vertical 
velocity as X.  For example, Fig. 13.28 shows upward 
motion (X) near the middle of the troposphere (at 50 
kPa).
 The following three methods will be employed 
to study ascent:  the continuity equation, the omega 
equation, and Q-vectors.  Near the tropopause, hori-
zontal divergence of jet-stream winds can force mid-
tropospheric ascent in order to conserve air mass as 
given by the continuity equation.  The almost-geo-
strophic (quasi-geostrophic) nature of lower-tropo-
spheric winds allows you to estimate ascent at 50 kPa 
using thermal-wind and vorticity principles in the 
omega equation.   Q-vectors consider ageostrophic 
motions that help maintain quasi-geostrophic $ow.  
These methods are just different ways of looking at 
the same processes, and they often give similar re-
sults.   

Sample Application
 At an elevation of 5 km MSL, suppose (a) a thun-
derstorm has an updraft velocity of 40 m s–1, and (b) 
the subsidence velocity in the middle of an anticyclone 
is –0.01 m s–1.  Find the corresponding omega values. 

Find the Answer
Given:  (a) W = 40 m s–1.   (b) W = – 0.01 m s–1.   z = 5 
km.
Find:  X  = ? kPa s –1  for (a) and (b).

To estimate air density, use the standard atmosphere 
table from Chapter 1:   S = 0.7361 kg m–3   at  z = 5 km.

Next, use eq. (13.14) to solve for the omega values:
(a)  X  = –(0.7361 kg m–3)·(9.8 m s–2)·(40 m s–1)
  = –288.55 (kg·m–1·s–2)/s  =  –288.55 Pa s–1 
  =  –0.29 kPa/s  

(b)  X  = –(0.7361 kg m–3)·(9.8 m s–2)·(–0.01 m s–1)
  = 0.0721 (kg·m–1·s–2)/s  =  0.0721 Pa s–1 
  =  7.21x10–5  kPa s–1  

Check: Units and sign are reasonable.
Exposition:  CAUTION.  Remember that the sign of 
omega is opposite that of vertical velocity, because as 
height increases in the atmosphere, the pressure de-
creases.  As a quick rule of thumb, near the surface 
where air density is greater, omega (in kPa s–1) has 
magnitude of roughly a hundredth of W (in m s–1), 
with opposite sign.

Figure 13.28
Vertical velocity (omega) in pressure coordinates, for the case-
study cyclone.  Negative omega (colored red on this map) cor-
responds to updrafts.
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 Horizontal divergence (D = ∆U/∆x + ∆V/∆y) is 
where more air leaves a volume than enters, horizon-
tally.  This can occur at locations where jet-stream 
wind speed (Mout) exiting a volume is greater than 
entrance speeds (Min).  
 Conservation of air mass requires that the num-
ber of air molecules in a volume, such as the light 
blue region sketched in Fig. 13.29, must remain near-
ly constant (neglecting compressibility).  Namely, 
volume in"ow must balance volume out"ow of air.
 Net vertical in"ow can compensate for net hori-
zontal out"ow.  In the troposphere, most of this in-
"ow happens a mid-levels (P ≈ 50 kPa) as an upward 
vertical velocity (Wmid).  Not much vertical in"ow 
happens across the tropopause because vertical mo-
tion in the stratosphere is suppressed by the strong 
static stability.  In the idealized illustration of Fig. 
13.29, the in"ows [(Min times the area across which 
the in"ow occurs) plus (Wmid times its area of in-
"ow)] equals the out"ow (Mout times the out"ow 
area).
 The continuity equation describes volume con-
servation for this situation as

    W D zmid � ·∆  (13.15)

or
   W

U
x

V
y

zmid � �
¨

ª
©

·
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∆
∆

∆
∆

·∆  (13.16)

or

    W
M
s

zmid � $
$

$·  (13.17)

where the distance between out"ow and in"ow lo-
cations is ∆s, wind speed is M, the thickness of the 
upper air layer is ∆z, and the ascent speed at 50 kPa 
(mid tropospheric) is  Wmid.  
 Fig. 13.30 shows this scenario for the case-study 
storm.  Geostrophic winds are often nearly parallel 
to the height contours (solid black curvy lines in Fig. 
13.30).  Thus, for the region outlined with the black/
white box drawn parallel to the contour lines, the 
main in"ow and out"ow are at the ends of the box 
(arrows).  The isotachs (shaded) tell us that the in-
"ow (≈ 20 m s–1) is slower than out"ow (≈50 m s–1).

 We will focus on two processes that cause hori-
zontal divergence of the jet stream:  
• Rossby waves, a planetary-scale feature for which 

the jet stream is approximately geostrophic; and 
• jet streaks, where jet-stream accelerations cause 

non-geostrophic (ageostrophic) motions.  

Sample Application
 Jet-stream in"ow winds are 50 m s–1, while out-
"ow winds are 75 m s–1 a distance of 1000 km further 
downstream.  What updraft is induced below this 5 
km thick divergence region?  Assume air density is 0.5 
kg m–3.

Find the Answer
Given: Min = 50 m s–1,  Mout = 75 m s–1,  ∆s = 1000 km,
  ∆z = 5 km.
Find: Wmid = ? m s–1  

Use eq. (13.17):
Wmid = [Mout - Min]·(∆z/∆s) 
 =  [75 - 50 m s–1]·[(5km)/(1000km)]  =  0.125 m s–1  

Check:  Units OK.  Physics unreasonable, because the 
incompressible continuity equation assumes constant 
density — a bad assumption over a 5 km thick layer.
Exposition:  Although this seems like a small num-
ber, over an hour this updraft velocity would lift air 
about 450 m.  Given enough hours, the rising air might 
reach its lifting condensation level, thereby creating a 
cloud or enabling a thunderstorm.

Figure 13.30
Over the surface cyclone (X) is a region (box) with faster jet-
stream out!ow than in!ow (arrows).  Isotachs are shaded.
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Figure 13.29
For air in the top half of the troposphere (shaded light blue), if 
air leaves faster (Mout) than enters (Min) horizontally, then con-
tinuity requires that this upper-level horizontal divergence be 
balanced by ascent Wmid  in the mid troposphere.
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Discussion: Due to the conservation of mass (continuity equation) if there
is horizontal divergence/convergence, then there must be vertical motion 
to fill in the air that is leaving/entering horizontally. 


