
HW 7 Answer Key

ATSC 201 Fall 2023
Chapter 4: A1e, A4e, A13e, A17e, A25e, E17
Chapter 15: A1e, A3e
Total marks out of 48.5

Chapter 4

A1e) Compare the saturation vapor pressures (with respect to liquid water) 
(5 marks) calculated with the Clausius-Clapeyron equation and with Tetens' formula, 

for T(°C): e) 25

Given: T = 25 °C 298.15 K

Use eqn 4.1a (Clausius Clapeyron eqn)

where Rv = 461 J/(K*kg)
To = 273.15 K
eo = 0.611 kPa
L = Lv (for liquid water) = 2.50E+06 J/kg

Use eqn 4.2 (Teten' formula)

where b = 17.2694
eo = 0.611 kPa
T1 = 273.15 K
T2 = 35.86 K

Clausius-Clapeyron:

es = 3.229 kPa

Teten's:

es = 3.169 kPa

Clausius-Clapeyron's saturation vapor pressure is 
slightly larger than Teten's. 

Check: Units ok. Physics ok. 
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Discussion:

A4e) Calculate the values of es (kPa), r (g/kg), q (g/kg), ρv (g/m^3), RH (%), Td (°C), 
(18 marks) LCL (km), Tw (°C), rs(g/kg), qs (g/kg), and ρvs (g/m^3), given the following

atmospheric state: e) P = 80kPa, T = 5°C, e = 0.5kPa. 

Given: P = 80 kPa
T = 5 degC 278.15 K
e = 0.5 kPa

Find: es = ? kPa
r = ? g/kg
q = ? g/kg
ρv = ? g/m^3
RH = ? %
Td = ? degC
LCL = ? km
Tw = ? degC
rs = ? g/kg
qs = ? g/kg
ρvs = ? g/m^3

Use eqn. 4.1a: 

where eo = 0.611 kPa
To = 273.15 K
Lv/Rv = 5423 K

es = 0.87 kPa

Use eqn 4.4: r = ε*e/ (P - e)
where ε = 622 g/kg 0.622 g/g

r = 3.91 g/kg

The Clausius-Clapeyron gives a saturation vapor pressure 
slightly larger to Teten's formula for a temperature of 25°C.  
This is consistent with the graph on p.89 from the sample 
application.  Teten's formula accounts for L varying slightly, but 
it appears the difference is usually negligible. 
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Use eqn. 4.7: q = ε*e/P

q = 3.89 g/kg

Use eqn. 4.10: ρv = e/(Rv * T)
where Rv = 4.61E-04 kPa*m^3/(K*g)

ρv = 3.90 g/m^3

Use eqn. 4.14a: RH =( e/ es) * 100

RH = 57.27 %

Use eqn. 4.15a: 

where eo = 0.611 kPa
To = 273 K
Rv/Lv = 1.84E-04 /K

Td = 270.27 K
Td = -2.88 degC

Use eqn. 4.16a: LCL = a*(T-Td)
where a = 0.125 km/degC

LCL = 0.98 km

To find wet bulb temperature using Normand's Rule:
Use eqn 4.21: Tw = T_LcL + Γs*LCL

Find Γs with eqn 4.37a:

Use eqn. 3.3: cp = cpd*(1+1.84*r)
where cpd = 1004 J/(kg*K)
r (g/g) = 0.00391
cp = 1011.2268 J/(kg*K)

g/cp = 9.69 K/km (I calculated some intermediate
Lv/cp = 2472.24 K values to make the huge eqn nicer
Lv/Rd = 8707.77 K to input)
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Γs = 5.38 K/km

Find T_LcL with eq 4.20: T_LcL = T - Γd*LCL
where Γd = 9.8 K/km

T_LcL = 268.50 K

Tw = 273.80 K
Tw = 0.65 degC
There are other methods to get here, too

Use eqn 4.5: rs = (ε*es)/(P-es)

rs = 6.86 g/kg
rs = 0.0068628 g/g

Use eqn. 4.8: qs = (ε*es)/P

qs = 6.79 g/kg

Use eqn. 4.12: ρvs = es/(Rv*T)

ρvs = 6.81 g/m^3

Check: Units ok. Physics ok. 
Discussion:
Because the air at this level is unsaturated, any liquid 
droplets in the air will tend to evaporate.  Imagine leaving a wet towel in a 
room; it will eventually dry up due to evaporation.  This evaporation causes
cooling in the wet towel. The wet-bulb temperature represents the 
temperature of the wet towel after the evaporative cooling. Therefore, you 
would always expect the wet-bulb temperature to be cooler than the dry-bulb
temperature in unsaturated air.

A13e) For air at sea level, find the total water mixing ratio for a situation where:
(3.5 marks) e) T=8°C, rL = 2 g/kg. 

Given: r = 8 g/kg
rL = 2 g/kg

Find: rT = ? g/kg
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Use eqn 4.32a:
rT = rs + rL + ri

Need rs and ri:
Assume ri = 0 g/kg for 8deg air at sea level. 

rT = 10 g/kg

Check: Units ok. Physics ok. 
Discussion: Since liquid water exists in our parcel, we can assume that the air

is saturated, and that the amount of water vapor in the air is the
maximum amount of water vapor that the air can hold (as
determined by its temperature).

A17e) Given an air parcel starting at 100kPa with dewpoint (degC) given below, 
(3 marks) use Fig. 4.7 to find the parcel's final dewpoint (degC) if it rises to a height 

where P = 60kPa. e) 20 

Given:
Pi = 100 kPa
Tdi = 20 degC
Pf = 60 kPa

Find:
Tdf = ? degC

See fig. 

Tdf = 13 degC

Check: Units ok. Physics ok. 
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Discussion: The dew point temperature decreases with height because air
expands and cools adiabatically - just like with regular temperature. 

A25e) Given an air parcel that starts at a height where P = 100kPa with T = 25degC
(3 marks) and r = 12 g/kg (ie. it is initially unsaturated). After rising to its final height it 

has an rL (g/kg) value listed below. Assuming no precipitation falls out, find 
the value for r (g/kg) for this now-saturated air parcel. e) 2.5

Given: P_initial = 100 kPa
T_initial = 25 degC
r_initial = 12 g/kg
rL_final = 2.5 g/kg
rL_initial = 0 g/kg

Find: r_final = ? g/kg

Use eqn 4.35b:

Re-arrange: r_final = r_initial + rL_initial - rL_final

r_final = 9.5 g/kg

Check: Units ok. Physics ok. 

E17) Create a thermo diagram using a spreadsheet to calculate isohumes (for r = 1,
(8 marks) 3, 7, 10, 30 g/kg) and dry adiabats (for θ = -30, -10, 10, 30 °C), all plotted on 

the same graph vs P on an inverted log-scale similar to Figs. 3.3 and 4.7. 

Find: Plot isohumes on a thermo diagram. 
Note, only isohumes required as stated in the assignment page

Discussion: In this situation, we are assuming that the water vapor  
condenses into liquid form, and the liquid droplets are suspended in the air. 
This way, we can assume that the total mixing ratio remains constant, as 
water is not lost through precipitation. 

100 CHAPTER  4   •   WATER  VAPOR
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If the warm cloud contains no suspended ice crys-
tals, then:

    ( ) ( )r r r rL Linitial final� � �  •(4.35b)

 Namely, an increase in the amount of water in 
one phase (ice, liquid, vapor) must be compensated 
by a decrease on other phases in order to satisfy 
total-water conservation if there are no sources or 
sinks.  For an adiabatic process (i.e., no mixing of air 
or transfer of precipitation across the boundary of 
an air parcel), rT must be conserved.  For this reason, 
isohumes of total water are included on thermo dia-
grams.

Isohumes on a Thermo Diagram
 Thermo diagrams were introduced as Fig. 3.3 in 
the Thermodynamics chapter.  On that diagram, the 
state of the air was represented by two sets of thin 
solid green lines: isobars (horizontal lines) for pres-
sure and isotherms (vertical lines) for temperature.  
To that background we will now add another state 
line: isohumes (thin dotted blue lines) for moisture 
state of the air (Fig. 4.7).  
 These isohumes are overloaded with informa-
tion.  As a “state” line, the isohume gives the satura-
tion mixing ratio rs at any given temperature and 

Sample Application
 Use Fig. 4.7 to answer (A) these questions (Q).

Find the Answer
Q: What is the saturation mixing ratio for air at P 
= 30 kPa with T = 20°C?
A:  Follow the T =  20°C green isotherm vertically, 
and the P = 30 kPa green isobar horizontally, to 
!nd where they intersect.  The saturation mixing 
ratio (blue diagonal) line that crosses through this 
intersection is the one labeled:   rs ≈ 50 g kg–1.  

Q:  What is the actual mixing ratio for air at P = 30 
kPa with Td =  –20°C?  
A: Follow the green –20°C isotherm vertically 
to where it intersects the horizontal P = 30 kPa 
isobar.  Interpolating between the blue diagonal 
lines that are adjacent to this intersection gives an 
actual mixing ratio of r ≈ 3 g kg–1.  

Q: What is the dew-point temperature for air at P 
= 60 kPa with r = 0.2 g kg–1? 
A: From the intersection of the blue diagonal 
isohume r = 0.2 g kg–1 and the green horizontal 
isobar for  P = 60 kPa, go vertically straight down 
to !nd Td ≈ –40°C.

Figure 4.7
Isohumes are dotted blue diagonal 
lines, isobars are green horizontal 
lines, and isotherms are green verti-
cal lines on this thermo diagram.
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Use: eqn 4.15b

Or: eqn 4.36

eo = 0.611 kPa
Rv/Lv = 1.84E-04 1/K
To  = 273 K
ε = 0.622 g/g
P (kPa) T for r=1 T for r=3 T for r=7 T for r=10 T for r=30

10 -42.27 -30.99 -21.56 -17.39 -3.84
20 -35.26 -23.27 -13.21 -8.75 5.75
30 -30.96 -18.52 -8.06 -3.43 11.68
40 -27.81 -15.03 -4.28 0.49 16.05
50 -25.31 -12.27 -1.28 3.60 19.52
60 -23.23 -9.96 1.23 6.19 22.43
70 -21.44 -7.98 3.38 8.43 24.93
80 -19.88 -6.24 5.27 10.39 27.13
90 -18.48 -4.68 6.97 12.15 29.10

100 -17.21 -3.28 8.50 13.73 30.89
r (g/g)

0.001
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Check: Units ok. Physics ok. Looks like fig 4.7.

Chapter 15
If a thunderstorm cell rains for 0.5 h at the precipitation rate (mm/hr) below, 

A1e) calculate both the net latent heat released into the atmosphere, and the 
(5 marks) average warming rate within the troposphere. e) 150

Given: Δt = 0.5 hr 1800 s
RR = 150 mm/hr

Find: HRR = ? J/(m^2 * s)

Use eqn 15.2:

where
a = 694 (J/s*m^2)/(mm/hr)

HRR = 104100.00 J/(s*m^2)

Net latent heat released = HRR * Δt = 1.87E+08 J/m^2

Use eqn 15.3:

where
b = 0.33 K/(mm of rain)

ΔT/Δt = 49.5 K/hr

Check: Units ok. Physics ok. 
Discussion: As raindrops form in the troposphere in a thunderstorm, they 
release latent heat due to condensation. The amount or rain received at the 

Discussion: When we are given the air temperature and the dew point 
temperature of a parcel, we can use the thermodynamic diagram to find its 
lifting condensation level by following the dry adiabat from the temperature 
point, and the isohume from the dew-point temperature point. 
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nimbostratus clouds, that create smaller-size driz-
zle drops (0.2 -  0.5 mm) and small rain drops (0.5 
- 2 mm diameter) in widespread regions (namely, re-
gions hundreds by thousands of kilometers in size, 
ahead of warm and occluded fronts) of light to mod-
erate rainfall rate that can last for many hours over 
any point on the ground.
 Why do thunderstorms have large-size drops?  
Thunderstorms are so tall that their tops are in very 
cold air in the upper troposphere, allowing cold-
cloud microphysics even in mid summer.  Once a 
spectrum of different hydrometeor sizes exists, the 
heavier ice particles fall faster than the smaller ones 
and collide with them.  If the heavier ice particles 
are falling through regions of supercooled liquid 
cloud droplets, they can grow by riming (as the liq-
uid water instantly freezes on contact to the outside 
of ice crystals) to form dense, conical-shaped  snow 
pellets called graupel (< 5 mm diameter).  Alter-
nately, if smaller ice crystals fall below the 0°C level, 
their outer surface partially melts, causing them to 
stick to other partially-melted ice crystals and grow 
into miniature !uffy snowballs by a process called 
aggregation to sizes as large as 1 cm in diameter.  
 The snow aggregates and graupel can reach the 
ground still frozen or partially frozen, even in sum-
mer.  This occurs if they are protected within the 
cool, saturated downdraft of air descending from 
thunderstorms (downbursts will be discussed lat-
er).  At other times, these large ice particles falling 
through the warmer boundary layer will melt com-
pletely into large raindrops just before reaching the 
ground.  These rain drops can make a big splat on 
your car windshield or in puddles on the ground.  
 Why scattered showers in thunderstorm?  Of-
ten large-size, cloud-free, rain-free subsidence re-
gions form around and adjacent to thunderstorms 
due to air-mass continuity.  Namely, more air mass 
is pumped into the upper troposphere by thunder-
storm updrafts than can be removed by in-storm 
precipitation-laden downdrafts.  Much of the re-
maining excess air descends more gently outside the 
storm.  This subsidence (Fig. 15.1) tends to suppress 
other incipient thunderstorms, resulting in the orig-
inal cumulonimbus clouds that are either isolated 
(surrounded by relatively cloud-free air), or are in 
a thunderstorm line with subsidence ahead and be-
hind the line.
 Why do thunderstorms often have heavy rain-
fall?  
• First, the upper portions of the cumulonimbus 
cloud is so high that the rising air parcels become 
so cold (due to the moist-adiabatic cooling rate) that 
virtually all of the water vapor carried by the air is 
forced to condense, deposit, or freeze out.  

• Second, the vertical stacking of the deep cloud al-
lows precipitation forming in the top of the storm 
to grow by collision and coalescence or accretion as 
it falls through the middle and lower parts of the 
cloud, as already mentioned, thus sweeping out a lot 
of water in a short time.  
• Third, long lasting storms such as supercells or 
orographic storms can have continual in!ow of hu-
mid boundary-layer air to add moisture as fast as it 
rains out, thereby allowing the heavy rainfall to per-
sist.  As was discussed in the previous chapter, the 
heaviest precipitation often falls closest to the main 
updraft in supercells (see Fig. 15.5).
 Rainbows are a by-product of having large 
numbers of large-diameter drops in a localized re-
gion surrounded by clear air (Fig. 15.1).  Because 
thunderstorms are more likely to form in late after-
noon and early evening when the sun angle is rela-
tively low in the western sky, the sunlight can shine 
under cloud base and reach the falling raindrops.  
In North America, where thunderstorms generally 
move from the southwest toward the northeast, this 
means that rainbows are generally visible just after 
the thundershowers have past, so you can "nd the 
rainbow looking toward the east (i.e., look toward 
your shadow).  Rainbow optics are explained in 
more detail in the last chapter.    
 Any rain that reached the ground is from wa-
ter vapor that condensed and did not re-evaporate.  
Thus, rainfall rate (RR) can be a surrogate measure 
of the rate of latent-heat release: 

    H L RRRR L v� R · ·  (15.1)

where HRR = rate of energy release in the storm over 
unit area of the Earth’s surface (J·s–1·m–2), SL is the 
density of pure liquid water, Lv is the latent heat of 
vaporization (assuming for simplicity all the pre-
cipitation falls out in liquid form), and RR = rainfall 
rate.  Ignoring variations in the values of water den-
sity and latent heat of vaporization, this equation 
reduces to:

    HRR = a · RR •(15.2)

where a = 694 (J·s–1·m–2) / (mm·h–1) , for rainfall rates 
in mm h–1.  
 The corresponding warming rate averaged over 
the tropospheric depth (assuming the thunderstorm 
"lls the troposphere) was shown in the Heat chapter 
to be:
    ∆T/∆t = b · RR (15.3)

where b = 0.33 K (mm of rain)–1.  
 From the  Water Vapor chapter recall that pre-
cipitable water, dw, is the depth of water in a rain 
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surface is the amount of rain that did not evaporate and cool the atmosphere;
thus, we can use this rain rate to estimate the amount of latent heat released
and the warming caused by it.  Note, however, that the temperature increase
calculated is as if the air in the thunderstorm is trapped in the air column. In
reality, there would be mixing with the environment, and so we would see a 
smaller effective temperature increase. 

Graphically estimate the terminal fall velocity of hail of diameter (cm): e) 1.7
A3e)
(3 marks) Given: hail diameter = 1.7 cm

Find: Terminal fall velocity of hailstone. 

Using Fig. 15.4

Approximate terminal fall velocity of hailstone: 22 m/s
accept values between 20 and 25 m/s

Check: Physics ok. 
Discussion: A hailstone of diameter 1.7cm belongs to size code 2 in the 

TORRO hailstone size classification. 
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Hail Damage
 Large diameter hailstones can cause severe dam-
age to crops, tree foliage, cars, aircraft, and some-
times buildings (roofs and windows).  Damage is 
often greater if strong winds cause the hailstones 
to move horizontally as they fall.  Most humans are 
smart enough not to be outside during a hail storm, 
so deaths due to hail in North America are rare, but 
animals can be killed.  Indoors is the safest place for 
people to be in a hail storm, although inside a metal-
roofed vehicle is also relatively safe (but stay away 
from the front and rear windows, which can break).
 The terminal fall velocity of hail increases with 
hailstone size, and can reach magnitudes greater 
than 50 m s–1 for large hailstones.  An equation for 
hailstone terminal velocity was given in the Precipi-
tation chapter, and a graph of it is shown here in Fig. 
15.4.  Hailstones have different shapes (smooth and 
round vs. irregular shaped with protuberances) and 
densities (average is Sice = 900 kg m–3, but varies de-
pending on the amount of air bubbles).  This causes 
a range of air drags (0.4 to 0.8, with average 0.55) 
and a corresponding range of terminal fall speeds.  
Hailstones that form in the updraft vault region of a 
supercell thunderstorm are so heavy that most fall 
immediately adjacent to the vault (Fig. 15.5).

Hail Formation
 Two stages of hail development are embryo for-
mation, and then hailstone growth.  A hail embryo 
is a large frozen raindrop or graupel particle (< 5 
mm diameter) that is heavy enough to fall at a dif-
ferent speed than the surrounding smaller cloud 
droplets.  It serves as the nucleus of hailstones.  Like 
all normal (non-hail) precipitation, the embryo !rst 
rises in the updraft as a growing cloud droplet or ice 
crystal that eventually becomes large enough (via 
collision and accretion, as discussed in the Precipi-
tation chapter) to begin falling back toward Earth.   
 While an embryo is being formed, it is still so 
small that it is easily carried up into the anvil and 
out of the thunderstorm, given typical severe thun-
derstorm updrafts of 10 to 50 m s–1.  Most potential 
embryos are removed from the thunderstorm this 
way, and thus cannot then grow into hailstones.
 The few embryos that do initiate hail growth are 
formed in regions where they are not ejected from 
the storm, such as: (1) outside of the main updraft 
in the "anking line of cumulus congestus clouds or 
in other smaller updrafts, called feeder cells; (2) in 
a side eddy of the main updraft;  (3) in a portion of 
the main updraft that tilts upshear, or (4) earlier in 
the evolution of the thunderstorm while the main 
updraft is still weak.  Regardless of how it is formed, 
it is believed that the embryos then move or fall into 
the main updraft of the severe thunderstorm a sec-
ond time.

Figure 15.4
Hailstone fall-velocity magnitude relative to the air at pressure 
height of 50 kPa, assuming an air density of 0.69 kg m–3.
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Figure 15.5
Plan view of classic (CL) supercell in the N. Hemisphere (cop-
ied from the Thunderstorm chapter).  Low altitude winds are 
shown with light-grey arrows, high altitude with black, and 
ascending/descending with dashed lines.  T indicates tornado 
location.  Precipitation is at the ground.  Cross section A-B is 
used in Fig. 15.10.
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