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Mohr’s circle of stress

This is a graphical method of transforming the stress tensor. It is easy to cos” 6 =2 (1 + cos 9) (E)
use and remember, and is the best way of remembering the transformation o
equations.
If we choose the global x- and y-axes to coincide with the principal cos ¢ = (1-sin* @) —sin® §=1-25sin’ @
directions (and because we can choose the axes arbitrarily there is nothing
t : . : from which
o prevent this), then the transformation equations become
sin?@ = ¥2 (1 + cos ¢). F
0, = 07 Cos* 6 + Oy sin® O (A) ®
Substituting (D), (E) and (F) into equations (A), (B) and (C):
o, = 01 sin? 8 + o, cos® 6 (B)
_ o= o1 (Y2(1 + cos ¢)) + ox(¥2(1 + cos ¢))
Tyyr = — (01 — Op) cos Osin 6 (&)} ie.

where o, and o, are now the principal stresses, and 8 is measured

anticlockwise from the principal direction x to the local direction x’. O =12 (01 + 0) + 2(01 + 07) cos ¢

.These new equations can be simplified still further, by making use of Ty =—Y2 (0y + 03) sin ¢,
trigonometric identities. .
Let
These two equations are simply the equations of a circle centred at
p=20=0+0 %2 (61 + 0,) on the o-axis in 6~ space:
then - ;—((r1 +0,)+ ;—(«:rl - G,)cosg ,

sin ¢ = sin (6 + 8) = sin B cos @ + cos Osin @ = 2 sin Bcos O

POy Tey)
». cos Bsin 6 = Y25in ¢ D) ; ‘
-z(0, - o'z)sm;é
(@,0)
and , ° @0 7
2 2 g
cos ¢ = cos (8 + 6) = cos Bcos B —sin Bsin 8 = cos” § —sin” The o-axis and the
/”:]I/ X-axis are parallel
but X
2 . 2 - r=40, -0, =(
cos” @ +sin“0=1 =200, -9 = (e
SO To use Mohr's circle you must understand and remember:
1. Positive shear stresses and positive rotations have been used in
cos ¢ = cos? 6 — a- cos? 6) =2 cos’e—1 developing the equations for a point (o, 7), but the 7 co-ordinate is

negative. This means the z-axis is upside down:
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positive shear stresses plot below the c-axis.

2. The trigonometric relations used to simplify the equations resulted in
o= 20:

whatever rotation takes place in real life, twice
the rotation takes place on Mohr’s circle.

3. Each point on the circumference of the circle represents the (o, 1) stress
state on a plane of specific orientation. The points where the circle inter-
sects the o-axis represent planes on which 7 = 0: the principal planes.
The associated o-values are the principal stresses. Mohr’s circle shows

the principal stresses are the maximum and
minimum values of normal stress in the body.

4. The points representing the principal planes lie at opposite ends of a
diameter: in real life planes are perpendicular.

Two perpendicular planes are
represented on the circle by points at
opposite ends of a diameter.

5. The maximum shear stress is given by ¥2 (6; — 03) and occurs when
¢ = 90° (i.e. 6 = 45°). Thus

the planes of maximum shear stress are
orientated at 45° to the principal planes.

Using Mohr’s circle to determine principal stresses
g princip

1. Draw x-y-axes on the element, draw an element with positive normal
and shear stresses on it, and so write down (o, 7,,) and (0, %).

2. Draw o-1-axes (same scale on each) with the o-axis parallel to, and in.

the same direction as, o,. Plot (o, 7,,) bearing in mind the positive shear
stresses plot below the o-axis. Then plot (0;, 7,;) on the other side of the
o-axis. Draw the diameter between the two points, and then draw the
circle.

3. Calculate the radius as

é (61 —O'y)z +(2rxy)2

and the g-value of the centre as ¥2(c;, + o).
4. Calculate the principal stresses and the maximum shear stress:

oo=c+7t, Go=C—t, Tpx=T"

5. Calculate the rotation angle and direction from o, to 6;. Remember that
rotations on the circle are twice real life rotations (¢ = positive rotation).

27
¢ =tan™ Y
6,-0,
but be aware that 0° < ¢ < 180°.
6. Finally, draw the element on which the principal stresses act, in the
correct orientation.

Example
10 Convention:
10 l . l"y (0,7, = (20, 10)
y 10 £2—no 5
T,
20_’] srcces 20 o, ”1 % (0,7, =(10,10)
n a
10 Tay
- 1 10 T Tyx
10 o

14 0,7,)=(10,10)

0}(5,,0) (op,0) @

((rx,'rxy) =(20, 10)

radius =L /(20 - 10)° + (2x 10’ = 11.18MPa centre = (20 + 10) = 15MPa

7,=15+11.18=26.18MPa 0,=15~11.18=3.80MPa 7, =11.18MPa

- o . = o
20_10—63.43 S 8=3172

\‘ L o, =26.18MPa

31.72°
4( e

X \ 0,=3.82MPa
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Using Mohr’s circle to determine stresses on a plane

Follow points 1, 2, 3 and 5 of the method for determining principal stresses,

then:

4. Draw an element of the correct orientation relative to the x—y-axes, and
mark on positive oy, oy, Ty, and 1,,. Write down the sense (positive
anticlockwise) and the magnitude of the rotation x-axis to x’-axis.

5. Mark this rotation on the circle, measuring from the (o, Txy) point,
remembering that you do twice as much on the circle as you do in real
life.

6. The new point is (0y, 7y,). Draw the diameter to determine (oy, Tyx).

Example. What are the stresses on an element rotated 30° anticlockwise
relative to the element in the previous example?

-7

(o,,7,,)=(10,10)

¥y

o, =c¢+rcos(g - 60)

= 26.16MPa

(OTy) gy =c¢ —r cos(g — 60)
= 3.84MPa

(el
(@ Tyey)

Toy =T sin(g — 60)
=0.67MPa

(0,.7,,) = (20,10)

x ' xy
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