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Comparison of integral equation and physical scale modeling of the
electromagnetic responses of models with large conductivity contrasts

Colin G. Farquharson1, Ken Duckworth2, and Douglas W. Oldenburg3

ponent of the electric field across interfaces between cells of different conductivities and between cells and the background兲 is
incorporated in a similar manner to integral equation solutions to
dc resistivity modeling. The scenarios considered for the comparison comprise a graphite cube of 6.3 ⫻ 104 S/m conductivity
and 14-cm length in free space and in brine 共7.3 S/m conductivity兲. The transmitter and receiver were small horizontal loops;
measurements and computations were made for various fixed
transmitter-receiver separations and various heights of the transmitter-receiver pair for frequencies ranging from 1–400 kHz.
The agreement between the numerical results from the integralequation implementation and the measurements from the physical scale modeling was very good, contributing to the verification
of this particular implementation of the integral-equation solution to electromagnetic modeling.

ABSTRACT
A comparison is made between the results from two different
approaches to modeling geophysical electromagnetic responses:
a numerical approach based upon the electric-field integral equation and the physical scale modeling approach. The particular
implementation of the integral-equation solution was developed
recently, and the comparison presented here is essentially a test
of this new formulation. The implementation approximates the
region of anomalous conductivity by a mesh of uniform cuboidal
cells and approximates the total electric field within a cell by a
linear combination of bilinear edge-element basis functions.
These basis functions give a representation of the electric field
that is divergence free but not curl free within a cell, and whose
tangential component is continuous between cells. The charge
density 共which arises from the discontinuity of the normal com-

on a novel integral-equation formulation, and physical scale modeling in the vein of Duckworth and Krebes 共1997兲 and Duckworth et
al. 共2001兲. Because of the independence of the two techniques,
agreement between their respective synthesized data will strongly
verify the correctness of both.
The models of electrical conductivity variation considered here
specifically contain large contrasts. These are not obscure, irrelevant
examples but in fact correspond to the classic and still important target for EM methods in geophysics: a highly conducting metallic orebody residing in resistive shield rocks 共see, for example, Frischknecht et al., 1987; Palacky and West, 1987兲. Most existing integralequation numerical modeling techniques fail for high contrasts. The
desire to correct this failing motivated the development of the integral-equation formulation presented in Farquharson and Oldenburg
共2002兲. And the desire to verify this formulation motivated the com-

INTRODUCTION
Quantitative interpretation of geophysical observations depends
on the ability to model survey measurements, i.e., to synthesize the
data that would have been acquired if the subsurface of the earth
matched our particular representation of it. Altering the representation, or model, of the earth to make the synthesized data resemble the
observed data as closely as possible presumably results in a model
that resembles the actual subsurface of the earth. Of course, it is imperative that the technique used for the modeling process produces
correct results, and that synthesized data generated by different
modeling processes for the same survey and the same representation
of the subsurface are equal. In this paper, we compare results from
two completely different techniques for modeling the electromagnetic 共EM兲 response of simple representations of the spatial variation of electrical conductivity in the earth. The two techniques are
the numerical scheme of Farquharson and Oldenburg 共2002兲, based
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parison with the results from physical scale modeling presented
here.
The earliest numerical modeling techniques for geophysical EM
survey data were for models comprising a simple, geometric object
such as a sphere in a nonconducting whole space for which a boundary-value problem could be formulated and a series solution found
共Wait, 1951, 1953; March, 1953兲. This style of technique developed
because it could be implemented at the time and because the model
was a fair approximation of the predominant exploration target of a
localized, conductive orebody in a very resistive host. The evolution
of numerical modeling proceeded with the pioneering of the volume
integral approach by Raiche 共1974兲, Hohmann 共1975兲, and Weidelt
共1975兲. Again, this technique was suited to a localized region of
anomalous, distinct conductivity in an otherwise simple background
model 共an orebody in shield rocks兲 and was practical, given contemporaneous computing capabilities. As the speed and memory of
computers increased, numerical modeling came to be dominated by
finite-difference and finite-element formulations. These are better
suited to general, complex models with variable, extensive features
and are therefore more appropriate for constructing inversion programs. As a consequence, interest in integral-equation formulations
waned and their development stalled.
However, there remained the unresolved issue of traditional integral-equation formulations failing for models containing large conductivity contrasts. Lajoie and West 共1976兲, while developing their
integral-equation solution for a finite, thin, conductive plate buried
in a conductive background, noted that solving in the obvious manner for the components of the secondary electric field in the plate led
to incorrect secondary fields for “any reasonably resistive” background. They attributed this to two factors: 共1兲 the mixing of the effects of inductive, divergence-free current flow and conductive,
curl-free current flow that happens when the background is not perfectly resistive and 共2兲 the nontrivial issue of ensuring neither of
these physical effects is unintentionally discarded when deriving the
numerical formulation of the problem. Newman et al. 共1986兲 have
recognized that their volume integral-equation formulation works
best for moderate contrasts, giving a ratio of 300:1 as typical of the
contrast beyond which their solution breaks down. They attribute
this failing to the domination of the galvanic conduction-current
contribution over the induction-current contribution in their numerical formulation, even for models for which this was inappropriate.
To overcome the problem for the thin plate, Lajoie & West solve for
two scalar potentials corresponding to the divergence-free and curlfree components of the scattering current variation within the plate.
For the volume integral equation, SanFilipo and Hohmann 共1985兲
and Newman and Hohmann 共1988兲 augment the set of traditional
pulse basis functions for the secondary electric field in the anomalous region with groupings of pulse basis functions that explicitly
form divergence-free current loops, using the Galerkin method to
derive their numerical formulation. Thus, the term that previously
led to the ever-present dominance of the galvanic contribution could
be eliminated.
The formulation of SanFilipo and Hohmann 共1985兲 and Newman
and Hohmann 共1988兲 for the volume integral equation did produce
correct results for models with large contrasts in conductivity between the anomalous region and the background. However, because
the current-tube basis functions are hard wired, the current systems
in the anomalous region that can be represented are somewhat limited and are restricted to rather symmetric patterns. Recently there
have been a number of attempts to find a more general, and arguably

more elegant, numerical formulation of the volume integral-equation solution to geophysical EM forward modeling. Slob and van
den Berg 共1999兲 expand the electric field within the anomalous region in terms of local trilinear functions, directly impose continuity
of the tangential component of the electric field between neighboring cells, and contrive continuity of the normal component of current
density in a least-squares sense. However, they do not report success
for conductivity contrasts greater than 100:1. Xiong et al. 共1999兲 derive a formulation of the electric-field integral equation that contains
both volume integrals involving the scattering current density within
the cells of uniform conductivity comprising the anomalous region
and surface integrals involving surface charge densities between
cells of different conductivities. Kim and Song 共2001兲 use the same
volume-surface integral-equation formulation of the electric-field
integral equation and express the scattering current as the sum of a
divergence-free, vortex current potential and a curl-free, current
channeling potential. Kim and Song report successful application to
the thin-sheet approximation. Farquharson and Oldenburg 共2002兲
use a similar formulation of the electric-field integral equation, comprising volume integrals of the electric field within the cells and surface integrals of the charge densities between cells. They expand the
electric field in terms of local bilinear edge-element basis functions
that result in a divergence-free but not curl-free approximation of the
electric field within each cell, and they impose continuity of the tangential component of the electric field via edge-element basis functions. They present comparisons between the results computed using
their formulation for a cube of 100 S/m in a half-space of 10−4 S/m
with results calculated for a sphere in a nonconducting whole space.
The comparison of results from this formulation with those from
physical scale modeling is the focus of this paper.
Physical scale modeling began almost as soon as EM exploration
itself, thus predating numerical modeling by a couple of decades
共see, for example, Frischknecht, 1987兲. With appropriate scaling of
spatial dimensions and electrical properties and scaling of the frequency of the inducing field, equivalence can be achieved between
measurements made in a laboratory and those for a full-sized survey
over a full-sized, idealized geological feature. The styles of model
most suitable for physical scale modeling are a single localized conductor in free space and a localized conductor in a homogeneous
half-space, which are exactly the styles of model required for testing
a numerical scheme based on a volume integral-equation formulation. However, all of the physical scale modeling that has been done,
certainly for the magnetic dipole transmitter-receiver arrangements
that are of interest here, has apparently been only for thin sheets or
elongated rectangular prisms 共see Frischknecht, 1987, and references therein兲 rather than an unequivocally 3D object such as a cube.
Physical scale modeling surveys were therefore performed to generate data for comparison with the integral-equation technique presented here.
The remainder of this paper is organized as follows. First, brief
descriptions are given of the integral-equation formulation being
tested and of the laboratory apparatus used for the physical scale
modeling. Then the comparison between numerical and physical
scale modeling results is illustrated for a graphite cube 共6.3
⫻ 104 S/m, 14-cm side length兲 in free space and the same cube in
brine 共7.3 S/m兲 for a selection of the frequencies and transmitter-receiver separations for which data were measured and computed.

EM integral equation and scale modeling

INTEGRAL-EQUATION NUMERICAL MODELING
We used the numerical modeling procedure of Farquharson and
Oldenburg 共2002兲. 共Only the most salient features of the method are
summarized below; see the aforementioned reference for a more detailed description兲.
The integral equation upon which the numerical implementation
is based is

E = Eb + i

冕

G共1兲 · E⌬dv⬘ +

V

冕

G共2兲ⵜ⬘ · Edv⬘ .

共1兲

V

We assume that the variation of electrical conductivity  within the
model can be separated into a simple background conductivity b for
which electric and magnetic fields for the source of interest are readily available and a localized, anomalous region ⌬ of volume V:

共r兲 = b + ⌬共r兲,

共2兲

where r is the position vector. 共We further assume that the background conductivity is a homogeneous half-space.兲 The electric field
E that exists in the model can then be thought of as the sum of the
electric field Eb that would exist if the anomalous region were not
present and a secondary or scattered electric field Es that is the difference between Eb and the field that actually exists:

E共r兲 = Eb共r兲 + Es共r兲.

共3兲

The background electric field satisfies the following differential
equation:

− ⵜ2Eb + ⵜ 共ⵜ · Eb兲 − ibEb = iJI ,

共4兲

and the secondary electric field satisfies

ⵜ2Es − ⵜ 共ⵜ · Es兩z=0兲 + ibEs
= − i⌬E + ⵜ 共ⵜ · Es兩V兲,

共5兲

where  is angular frequency,  is magnetic permeability 共assumed
to be constant throughout the model兲, and JI is the current density
corresponding to the impressed source. Also, the quasi-static approximation is invoked, a time dependence of e−it is assumed, and i
= 冑−1. Furthermore, the divergence of the secondary electric field is
separated into the contribution from the surface of the homogeneous
half-space 共ⵜ · Es兩z=0兲 and the contribution from the region of anomalous conductivity 共ⵜ · Es兩V兲. Given the above differential equations and using the vector Green’s functions gk共r;r⬘兲, k = x,y,z,
which satisfy

ⵜ2gk − ⵜ 共ⵜ · gk兲 + ibgk = − ␦共r − r⬘兲ûk ,

共6兲

where ûk is the unit vector in the kth direction, equation 1 can be arrived at in the usual manner. The tensor and vector Green’s functions
in equation 1 are, in general terms,

G

共1兲

=

冤

gxx
gxy
gzx

gxy
gyy
gzy

gzx
gzy
gzz

冥

冤 冥
ⵜ⬘ · g

and

G

共2兲

x

= ⵜ⬘ · g y .
ⵜ⬘ · gz

共7兲

Our integral equation method is significant in its numerical implementation, which is summarized below. However, the electric-field
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integral equation as written in equation 1 exhibits some appealing
characteristics 共which anticipate the particulars of the numerical implementation兲. At zero frequency, this arrangement of the integral
equation reduces without further manipulation to the integral equation for the dc resistivity modeling problem presented by Snyder
共1976兲. Also, the two integrals in equation 1 effectively divide the
secondary electric field into an inductive, divergence-free part and a
galvanic, curl-free part. The former is associated with the extra current density ⌬E flowing in, and because of, the region of anomalous conductivity. The latter is associated with the accumulation of
charge ⵜ · E on the boundary of the region of anomalous conductivity and at places within this region where the conductivity is changing.
The region of anomalous conductivity is discretized into a regular
mesh of cuboidal cells. The conductivities of the cells can vary from
one to another, but it is assumed that the conductivity within a cell is
uniform. The total electric field within the region of anomalous conductivity is approximated by a linear combination of basis functions:
N

E共r兲 ⬇

c jv j共r兲.
兺
j=1

共8兲

There are twelve basis functions to a cell 共which are zero everywhere
outside the cell兲. Four are directed in the x-direction and vary bilinearly with y and z, four are y-directed and vary bilinearly with x and
z, and four are z-directed and vary bilinearly with x and y. Because of
this, the approximation of the electric field within a cell has zero divergence, which should be the case for an electric field in a region of
uniform conductivity. In addition, these basis vectors are such that
the approximate electric field within a cell can have a nonzero curl
共although only constant兲. The basis functions are specified such that
each of the four x-directed basis functions in a cell is equal to unity
on one of the x-directed edges of its cell and zero on the three other
x-directed edges, and likewise for the y- and z-directed basis functions. Furthermore, when two cells share a face, the basis functions
in the two cells that share the common edges are tied together to form
combined, composite basis functions that extend across the two
cells. Hence, the tangential component of the approximate electric
field is continuous across interfaces between neighboring cells,
again something a genuine electric field exhibits. The basis functions described above are known as edge-element basis vectors.
Equation 1 can be thought of abstractly as the operator equation

L关E兴 = Eb ,

共9兲

where the linear operator L involves the two integrals in equation 1
and the identity operator. 共The two integral terms are considered later.兲 Substituting the approximation for the electric field given by
equation 8 into equation 9 gives
N

c jL关v j兴 = Eb + R,
兺
j=1

共10兲

where R is the residual because of the approximate nature of the representation of the electric field. The Galerkin variant of the method
of weighted residuals 共see, for example, Hohmann, 1987兲 is used to
construct a system of equations. Specifically, the inner product of
each basis function with equation 10 gives N simultaneous equations:

Ax = b,

共11兲
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where Aij = 具vi,L关v j兴典, xi = ci, bi = 具vi,Eb典, and 具u,w典 = 兰Vu · vdv.
It is assumed that requiring R to be orthogonal to the basis functions
共that is, 具v j,R典 = 0 " j兲, as is done in forming equation 11, results in
a good approximation for the electric field.
The component of the linear operator in equation 10 corresponding to the first integral in equation 1 is

L共1兲关v j兴 = i

冕

G共1兲 · v j⌬ dv⬘ ,

共12兲

VJ

where VJ is the volume of the cell in which v j is not zero. Since the region of anomalous conductivity is discretized into uniform cells, the
divergence of the electric field is nonzero only on the interfaces between cells of differing conductivities and between the cells on the
edge of the anomalous region and the background. The divergence
can then be expressed in terms of a surface charge density, which is
related to the jump in the normal component of the electric field at
the interface. This means the component of the linear operator in
equation 10 arising from the second integral in equation 1 becomes

L共2兲关v j兴 =

冕 冉
G共2兲

VJ

冊

J
− 1 v j · n̂ds⬘ ,
n

共13兲

where n is the conductivity of the relevant neighboring cell or of the
background. This surface integration is the same as what is done in
integral-equation solutions to the dc resistivity modeling problem
共Snyder, 1976兲. It is also this term and its explicit dependence on the
conductivity in neighboring cells 共and that of the background for
cells on the edge of the anomalous region兲 which are responsible for
keeping currents in the numerical solution contained within regions
of high conductivity when they are isolated within regions 共or a
background兲 of low conductivity.
Hence, once the discretization of the region of anomalous conductivity for a particular problem has been decided upon, the system of
equations given by equation 11 is formed by performing the various
inner product integrations. All integrations, both volume and surface, are done using Gaussian quadrature. For simplicity, the
Green’s functions are approximated at this stage by their wholespace incarnations, meaning G共1兲 is a diagonal tensor with elements
equal to the familiar, scalar whole-space Green’s function:

gxx = gyy = gzz = gw共r;r⬘兲 =

1 eikb兩r−r⬘兩
,
4 兩r − r⬘兩

共14兲

PHYSICAL SCALE MODELING
The apparatus used to acquire the physical scale modeling results
presented in this paper is the same as that used by Duckworth and
Krebes 共1997兲 and Duckworth et al. 共2001兲 in their studies of the
consequences of current gathering when a target is located within
conductive host rocks. It is similar to that of Gupta Sarma and Maru
共1971兲 and Gaur et al. 共1972兲, who also investigate the effects of a
conducting host. 共For a comprehensive review of physical scale
modeling, including technical aspects of sources, receivers, and materials as well as a review of the literature, see Frischknecht, 1987.兲
Figure 1 shows a photograph of the physical scale modeling apparatus. The tank for holding the brine is 5 m long, 3 m wide, and
1.3 m deep. The conductivity of the brine for the sequence of measurements for which it was present is 7.3 S/m. The 3D target for all
examples presented in this paper was a graphite cube with a side
length of 14 cm and a conductivity of 6.3 ⫻ 104 S/m. The transmitter and receiver are small horizontal loops of wire, and data are acquired along profiles over the graphite cube for various different
fixed separations between the transmitter and receiver and for different heights of the transmitter-receiver pair above the cube. The collection of each profile is automated, with measurements made every
5 mm 共with a repeatability of ±0.5 mm兲. The data generated by the
apparatus and subsequent processing are the in-phase and quadrature parts of the secondary magnetic field, that is, the total field minus the free-space field for the particular transmitter-receiver separation, normalized by the free-space field. Data were collected for frequencies of the sinusoidal current in the transmitter loop ranging
from 1–400 kHz.
In the following section, the numerical and physical scale modeling results are compared directly for the dimensions, conductivities,
and frequencies of the physical-scale model. However, any scenario
for which the induction number  fl2 is the same as that of the physical model, where  is conductivity, f is frequency, and l is a characteristic length 共and the magnetic permeability is the same everywhere in the model and the full-scale system, and the quasi-static assumption is valid兲, will generate the same response. For example,
the secondary magnetic fields shown here for the cube of 14 cm and
6.3 ⫻ 104 S/m for frequencies of 1–400 kHz would be equivalent
to those observed over a cube of 140 m and 6.3 ⫻ 10−1 S/m for frequencies 100 Hz to 40 kHz 共with the brine conductivity of 7.3 S/m
scaling to a host-rock conductivity of 7.3 ⫻ 10−5 S/m兲.

where k2b = ib, and

G共2兲

冤

冥

 gw / x⬘
=  g w /  y ⬘ = ⵜ ⬘g w .
 gw / z⬘

共15兲

The singularities of the integrals in equations 12 and 13 can be ignored because they do not contribute to the inner product integrations of the Galerkin approach 共see Farquharson and Oldenburg,
2002兲. Once equation 11 has been solved and hence the approximation of the total electric field within the region of anomalous conductivity obtained, the integral equation 共equation 1兲 is used to compute
the electric 共or magnetic兲 field wherever it is required. These calculations also involve equations 12 and 13 but with the half-space forms
of the Green’s functions.

Figure 1. The apparatus used to acquire the physical scale modeling
data presented in this paper.
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EXAMPLES
Four examples are presented here. The first two are for a 20-cm
separation between the transmitter and receiver, with the transmitter-receiver pair passing 4 cm over a cube in free space and then in
brine. Example 3 is for the transmitter-receiver pair at successively
greater heights above the cube 共in free space兲. The fourth example is
for a transmitter-receiver pair at its maximum possible height with
the cube immersed in brine.

Example 1

G173

the rapid spatial variation of the electric field within the cube for this
small depth-to-separation ratio and for the transmitter directly above
the cube to be simulated accurately. The asymmetrical deviations of
the numerical profiles in Figure 2 as the transmitter passes over the
cube 共that is, for locations of the center of the transmitter-receiver
pair between approximately 25 and 40 cm兲 are a result of the inadequacies of the discretization. Figure 3 shows two profiles for 10 kHz
produced by the numerical modeling — one with the transmitter to
the left of the receiver 共the same as for Figure 2兲 and the other with
the transmitter to the right of the receiver. Although neither curve is
symmetric, they are mirror images of each other about the center of
the cube, with their respective asymmetrical deviations correspond-

The first example is for the graphite cube in
free space and for a transmitter-receiver pair of
20-cm separation passing over the cube at a
height of 4 cm. Measurements were made and
numerical forward modeling was done for 1, 2, 4,
10, 20, 40, 100, 200, and 400 kHz. The results for
1, 10, 100, 200, and 400 kHz are shown in Figure
2.
For the integral-equation modeling for this and
all following examples, the cube was discretized
into 10 ⫻ 10 ⫻ 10 cells of equal size, with 2
⫻ 2 ⫻ 2 nodes used for the Gaussian quadrature
for the volume integrals and with 5 ⫻ 5 nodes for
the Gaussian quadrature for the surface integrals.
A free-space background could not be modeled
per se using the implementation of the integralequation method presented here. Instead, the
cube was considered to be within a homogeneous
half-space of 10−4 S/m 共which extended up to the
height of the transmitter-receiver pair兲. Also, the
implementation is computationally intensive; the
time required for the number of cells and nodes
mentioned above was roughly eight days on a
1-GHz Pentium III computer, virtually all of
which was spent calculating the elements of the
Figure 2. The results for the cube in free space, with the transmitter-receiver pair having a
matrix. The discretization of 10 ⫻ 10 ⫻ 10 cells
separation of 20 cm and passing at a height of 4 cm over the cube. The circles are for the
was therefore the largest number of cells considphysical scale modeling results, and the solid lines are for the integral equation results.
The abscissa is the location of the center of the transmitter-receiver pair. 共The center of
ered.
the cube is directly below x = 25 cm.兲 The ordinate is the secondary H-field 共i.e., total
Responses obtained with moving-source, diminus free space兲 normalized by the free-space H-field for this separation and orientation
pole-type EM systems such as those being invesof the transmitter and receiver. 共The diagram of the arrangement of the cube and of the
tigated here are known to display reciprocity. At
transmitter and receiver is to scale兲.
any given location of the transmitter-receiver
pair, an interchange of the transmitter and receiver will produce an identical response. This concept requires that any
response profile obtained over a symmetrical conductor will also be
symmetrical; yet interchanging the transmitter and receiver at a location where one coil is over the center of the target conductor and the
other is off the flank of the conductor must result in a very different
pattern and magnitude of induced currents within the conductor.
Given this disparity of the induced currents, the reciprocity of response that results is perhaps remarkable.
The geometry of this example 共see Figure 2兲 provided strong secondary fields because of the small ratio of conductor depth to coil
separation 共0.2兲. The consequently large S/N ratio in the physical
Figure 3. The numerical modeling results for 10 kHz for the first exmodeling permitted high-quality data to be obtained easily. The
ample when the transmitter is to the left of the receiver 共solid line;
physical model responses shown in Figure 2 display the expected
see Figure 2兲 and when the transmitter is to the right of the receiver
symmetry, which indicates reciprocity. By comparison, the discreti共broken line兲. The abscissa is the location of the center of the transzation used in the numerical modeling was not sufficiently fine for
mitter-receiver pair.
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Figure 4. The numerical modeling results for 200 kHz for the first
example 共see Figure 2兲 for discretizations of 4 ⫻ 4 ⫻ 4 to 10
⫻ 10 ⫻ 10 cells. The heavier line indicates the 10 ⫻ 10 ⫻ 10 discretization.

ing to when the transmitter is over the cube. Also, Figure 4 shows
how the numerical modeling results for 200 kHz improve with successively finer discretizations 共from 4 ⫻ 4 ⫻ 4 to 10 ⫻ 10 ⫻ 10
cells兲. Irrespective of the deficiencies of the discretization used for
this example, the agreement, illustrated by Figure 2, between the
physical scale modeling measurements and the values computed by
the integral equation method is good, especially considering the conductivities and geometry involved.
The noteworthy features of the responses illustrated in Figure 2
are as follows. The amplitude of the in-phase anomalies increases
with frequency, and the rate of increase diminishes at the highest frequencies considered here. The amplitude of the quadrature anomalies initially increases with frequency 共although this is not discernible from the selection of frequencies plotted in Figure 2兲 before decreasing, as expected for a response approaching the inductive limit.
The quadrature anomaly displays greater amplitude than the inphase anomaly at the lowest frequencies, but at moderate and higher
frequencies the in-phase anomaly amplitude surpasses the quadrature amplitude. A small loss of anomaly amplitude is evident in both
the in-phase and quadrature curves for all but the lowest frequencies
when the center of the transmitter-receiver pair is directly over the
center of the cube. Small symmetrical negative excursions are
present in both the in-phase and quadrature curves for all frequencies
as the cube is approached.
Figure 5 shows the responses for this example displayed in the
form of Argand diagrams. The abscissa and ordinate are the in-phase
and quadrature parts, respectively, of the normalized secondary
H-field. The responses for all nine frequencies 共1, 2, 4, 10, 20, 40,
100, 200, and 400 kHz兲 are shown. The ten panels in this figure are
for ten different locations of the transmitter-receiver pair spaced at
2.5-cm intervals from x = 2.5 to 25 cm. 共This last location corresponds to the center of the transmitter-receiver pair being directly
over the center of the cube.兲 All of the curves trend as clockwise,
quasi-semicircular arcs outward from the origin as the frequency increases. The curves for the three locations farthest from the cube 共x
= 2.5, 5, and 7.5 cm兲 correspond to the negative excursion caused by
the edge effect in the response as shown in Figure 2 for which both
the in-phase and quadrature values are negative. The uncomplicated
nature of the curves in the Argand diagrams is characteristic of the
single mechanism of induction within the cube which is giving rise
to the responses.

Example 2

Figure 5. Argand diagrams of the physical scale modeling results
共open circles兲 and the integral-equation results 共filled circles兲 for the
cube in free space and the transmitter-receiver pair 4 cm above the
cube with a separation of 20 cm. The panels are for ten different locations of the transmitter-receiver pair spaced at 2.5-cm intervals
from x = 2.5 to 25 cm. Results are plotted for nine frequencies: 1, 2,
4, 10, 20, 40, 100, 200, and 400 kHz. The points move away from the
origin in this sequence of increasing frequency.

Next, results are presented for the same disposition of cube and
transmitter-receiver pair used in the preceding example but with the
cube immersed in brine. The surface of the brine was 2 cm above the
top of the cube, and the transmitter-receiver pair was 2 cm above the
surface of the brine. 共As mentioned previously, the conductivity of
the brine was 7.3 S/m.兲 The same range of frequencies as Example 1
was investigated. The results for 1, 10, 100, 200, and 400 kHz are
shown in Figure 6. 共The secondary field as plotted in Figure 6 is the
total field minus the free-space field, normalized by the free-space
field.兲
The responses for this example are similar to those for Example 1
共see Figure 2兲, which is not surprising, considering that the contrast
in conductivity between the cube and the brine is still large. The only
clear difference in how the in-phase curves change with frequency is
that the half-space response, which is apparent at the ends of the profiles, becomes appreciable and negative at the highest frequencies.

EM integral equation and scale modeling
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The discrepancy between the scale modeling and numerical results
for the in-phase values at 400 kHz that can be seen in Figure 6 is
thought to be from a capacitive effect in the physical scale modeling
apparatus 共which was not treated by the numerical modeling兲. At
high frequencies, the physical scale modeling coils displayed capacitive responses to nonconductive polar materials such as Plexiglas
and water. At the highest frequencies investigated here, this capacitive interaction between the coils and the ion-saturated water 共the
conductive host兲 appears to have counteracted the inductive interaction with the water.
The half-space quadrature response for this example also becomes negative as the frequency increases but more gradually than
the in-phase response. At the two highest frequencies, the quadrature
response over the cube is different from that for Example 1 from
which the brine is absent. The anomaly amplitude remains small
over the cube despite the half-space quadrature response becoming
more negative. The loss of anomaly amplitude when the center of the
transmitter-receiver pair is over the center of the cube, evident at intermediate frequencies 共and at the higher frequencies in Example 1兲,
becomes a small positive increase in anomaly amplitude that can be
seen in both the numerical and physical scale modeling results.
The Argand diagrams of the responses for this example are shown
in Figure 7. The abscissa and ordinate in this figure are the in-phase
and quadrature parts, respectively, of the total H-field minus the halfspace H-field, normalized by the free-space field. This figure therefore isolates the component of the response that results from the
presence of the conducting cube. 共The in-phase and quadrature parts
of the total H-field minus the free-space field, normalized by the
free-space field, for the brine alone are shown in the inset in the top

left panel of Figure 7.兲 The responses for the first four locations of the
transmitter-receiver pair illustrated in Figure 7 共x = 2.5, 5, 7.5,
10 cm兲 are similar to the corresponding responses without the brine
共see Figure 5兲; the responses are small, but they exhibit an arclike
trend outward from the origin with increasing frequency. However,
as the transmitter-receiver pair move closer to a location over the
cube, a small upward tail to the arclike trend appears for the highest
few frequencies, both in the physical-scale and numerical modeling
results. Similar tails, and some considerably larger, have been observed for other situations involving a conductor in a conductive
host, most notably in the responses over a vertical conducting plate
offset from a large, fixed transmitter loop 共Duckworth et al., 2001兲.
This and the other situations in which these tails have previously
been observed have an arrangement of transmitter and conductor
that is good for gathering or channeling current from the conductive
host into the conductor. The tails in theArgand diagrams, which indicate an enhancement of the response, are attributed to the onset of
these current-gathering effects. The existence of the distinctive tails
in Figure 7, even though they are relatively small, is evidence of such
effects contributing to the responses for the situation considered here
共that is, moving transmitter-receiver pair, localized conductor兲, one
in which a noticeable contribution from these effects might not have
been anticipated.
Finally, for this example, Figure 8 shows the response profiles for
200 kHz computed using the classic implementation of the integral
equation solution, that of Hohmann 共1987兲. This implementation approximates the electric field using pulse basis functions, uses delta
weighting functions in the method of weighted residuals, and approximates the surface and volume integrations for the cuboidal
cells by analytic expressions for integrations over
spheres of equivalent volumes. It is clear from
Figure 8 that this implementation fails to reproduce the response, especially its strength, for this
situation in which the conductivity contrast is
four orders of magnitude. Figure 8 also shows the
responses computed using the implementation
presented in this paper with the explicit dependence on the conductivities in neighboring cells
in the integration of surface charge density 共see
equation 13兲 replaced by background conductivity. This is as if all of the cuboidal cells discretizing
the anomalous region had been separated ever so
slightly from one another, with slivers of the
background material filling the gaps. The responses computed using this modification resemble those computed using the traditional approach, especially in the way in which they both
fail to match the strength of the actual responses.
Therefore, the inclusion of the explicit dependence on the conductivities of neighboring cells,
and hence continuity of the normal component of
current density, appears to be the aspect of the implementation of our integral-equation formulation that makes it successful for large conductiviFigure 6. The results for the cube in brine. The surface of the brine was 2 cm above the top
ty contrasts.
of the cube, and the transmitter-receiver pair was 2 cm above the surface of the brine.

共The conductivity of the graphite cube was 6.3 ⫻ 104 S/m; that of the brine was
7.3 S/m.兲 As for the first example, the separation between transmitter and receiver was
20 cm. The circles represent the scale-modeling measurements; the lines are the numerical modeling values. The ordinate is the secondary H-field 共i.e., total minus free space兲
normalized by the free-space H-field for this separation and orientation of the transmitter
and receiver.

Example 3
The third example is for increasing heights 共4,
6, and 8 cm兲 of the transmitter-receiver pair
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above the cube in free space. The results for a frequency of 100 kHz
and a transmitter-receiver separation of 10 cm are shown in Figure
9.
As the transmitter moves higher above the cube, and hence the
spatial variation of the primary magnetic field that the cube experiences lessens, the discretization of the numerical modeling proce-

dure can better reproduce the electric field within the cube. By a profile height of 8 cm, the computed responses are almost completely
symmetrical and match the measured responses very well. Even at
the profile height of 4 cm, there is very good correspondence between the features in the physical scale modeling results and those in
the numerical results.

Example 4
This final example is for the transmitter-receiver pair at a height of
13 cm above the surface of the brine, with the top of the cube 1 cm
below the surface of the brine. The transmitter-receiver separation
was 10 cm. The results for 200 kHz are shown in Figure 10.
The distance of the transmitter-receiver pair from the brine and
the cube was the largest that could be managed by the physical scale
modeling apparatus with an acceptable S/N ratio. As can be seen
from Figure 10, there is excellent agreement between the physical
scale modeling measurements and the numerical modeling results
— even for the quadrature values, which show a poor S/N ratio at
this height and the consequently large depth-to-separation ratio of
1.3. Tests of the physical modeling system and computer simulations

Figure 7. Argand diagrams for the cube in brine, with the top of the
cube 2 cm below the surface of the brine and the transmitter-receiver
pair 2 cm above the brine. 共The transmitter-receiver separation was
20 cm.兲 The open circles are for the physical scale modeling measurements; the filled circles are the integral equation values. Results
are plotted for 1, 2, 4, 10, 20, 40, 100, 200, and 400 kHz, with the
movement of the plotted points outward from the origin following
this sequence of frequencies. The abscissa and ordinate are the inphase and quadrature parts, respectively, of the normalized total
H-field minus the half-space field. 共The inset in the top left panel
shows the curves for the brine without the cube, total minus freespace field兲.

Figure 8. The responses for the cube in brine for 200 kHz computed
using pulse basis functions and equivalent spheres 共solid lines兲 and
using bilinear basis functions with no continuity of normal current
density between neighboring cells 共broken lines兲. The circles are the
physical scale-modeling results 共see Figure 6兲.

Figure 9. The results for the transmitter–receiver pair at heights of 4,
6, and 8 cm above the top of the cube with no brine present. The results shown are for a frequency of 100 kHz, and a transmitter-receiver separation of 10 cm. The circles and lines indicate the results of
the scale and numerical modeling, respectively.
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Figure 10. Results for the cube in brine with the top of the cube 1 cm
below the surface of the brine, the transmitter-receiver pair at a
height of 13 cm above the surface of the brine, and a transmitter-receiver separation of 10 cm. The frequency was 200 kHz. The circles
show the physical scale-modeling results, and the lines show the numerical modeling results.

of the noise in that system indicate the noise in the quadrature component was caused by a phase jitter associated with the digital triggering of the oscilloscope and a secondary effect from amplitudemodulated random noise modulated by the signal itself. This meant
the noise was at a maximum in the quadrature component of the signal. The mismatch between the in-phase values at the ends of the
profile is because of the capacitive effects in the physical scale modeling apparatus, just as for Example 2.

CONCLUSIONS
A comparison of numerical modeling results and physical scale
modeling measurements for a conducting cube in free space and in a
conducting host has been presented. The numerical results were
computed using a new implementation of the electric-field volume
integral equation, one in which the electric field is approximated using bilinear edge-element basis functions and in which the normal
component of the electric field between cells is related explicitly to
the contrast in conductivity. The scale-model measurements were
made using an apparatus designed to investigate the behavior of EM
exploration systems over conductive features residing in a conductive host. The agreement between the numerical and scale-modeling
results is good, helping to verify the implementation of the integralequation solution, even for the challenging scenarios considered in
this paper.
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