EOS 352 Continuum Dynamics
Conservation of angular momentum
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Overview

These notes cover the following

e Angular momentum for point particles

Cross products in subscript notation

Conservation of angular momentum for continua

Torques due to surface and body forces

Reduction to a symmetric stress tensor

Angular momentum for point particles

Angular momentum for a collection of point particles is a distinct quantity from linear
momentum. It is easily possible to have zero total linear momentum but a finite
angular momentum. The definition of angular momentum L for a single particle of
mass m, velocity u and position vector r = (x,y,2) = (21,2, x3) relative to some
fixed coordinate system is

L=rxmu=rxp.

where p is the ordinary linear momentum of the particle. For a collection of particles
A, B, C etc, with positions ru4, rp, ...and linear momenta p4, pg, . ..total angular
momentum is

Ltot:rAXpA+rBXpB+...=ZrPXpP
P



Figure 1: Rotation of two equal masses about a their common of centre of mass. The
system has zero total linear momentum but a finite angular momentum.

Often, angular momentum is associated with rotations. Take two particles A and
B of equal mass m connected by a string of length 2R, rotating in the zxo-plane
about their common centre of mass at (0,0,0). When the string is at an angle 6 to
the xq-axis, the particles will have positions and linear velocities

ra = R(cos(f),sin(d),0), uy = Rw(—sin(f), cos(6),0),

and

rp = R(—cos(#), —sin(6),0), up = Rw(sin(0), — cos(0),0).

where w = df/ dt is rotation rate or angular velocity.
Using the definition above, their angular momenta are

ra x muy = mR*w(0,0,cos(6)? + sin(h)?) = mR*w(0,0, 1),

and
rp X mug = mR*w(0,0,cos(9)? +sin(h)?) = mR*w(0,0, 1).

so total angular momentum is

Liot = 2mR%w(0,0,1).



We see that angular momentum increases with angular velocity and the length of the
string. Through its definition as a cross product, it is also perpendicular to the plane
of rotation: the vector L is aligned with the axis of rotation (in this case, the z- or
x3-axis).

Lastly, we can compute the total linear momentum of the system as

muy +mug = 0,

so the system has zero total linear momentum but non-zero angular momentum.
This is because the system overall has no linear motion (i.e., its centre of mass is
not moving), but it does have a non-zero rotation, which is what angular momentum
describes.

Conservation of angular momentum for point par-
ticles

Newton’s second law states that, for a particle P

dpp
— =F 1

where Fp is the total force on particle P. We can think of this as the sum of forces
Fpp exerted on P by other particles P/,

dpp
E — ZFPP/. (2)
Pl

Newton’s third law, which really ensures conservation of momentum, requires that
the forces between a particle P and a particle P’ are equal and opposite, or

Fpp = —Fpp, (3)

which incidentally (with P’ = P) ensures that Fpp = 0, so a particle cannot exert a
net force on itself. The rate of change of total momentum of the system is then

d d
7 Ptot = 73 P
i dt; F
d
:XP:EPP
)

P P
:<FAB+FA0—|-)+(FBA+FBC+)+<FCA+FCB+)+
=0



as all the terms in the sum can be paired up with terms that are equal and opposite,
for instance F 4o + Foa = 0 etc.

A more mathematically elegant way of doing this would be to realize that P and
P’ are dummy indices in the sum, so we must have

> Fre=3 ) Faoo

PP Q Q

swapping the index P for ) and P’ for Q)’. But equally, we should have

2.2 Faq =2 ) Frr

Q @

swapping Q for P’ and @’ for P. Hence, noting also that the order of summation
does not matter,

> Frr= ;;sz =>_ > Frr,

P P J

that is, we have just swapped the dummy indices P and P’. But also

)B) DIV B D"

P P P P

as Fppr = —F p/p. But the last two equations taken together imply that >, >, Fpp =
— > p > p Fppr, which is possible only if Y, > o Fpp = 0.

It follows from the above that the total linear momentum py,; cannot change
over time and is therefore conserved. Total angular momentum is also a conserved
quantity. The reason for this is that forces between these particles are generally
parallel to the line joining them.

To understand this, consider the equivalent of Newton’s second law for angular
momentum. For a single particle, have

dL _d{rxmu) dr . dmo)

a - a a ™ dt
But r is the position vector of the particle, so the rate of change of r is the particle
velocity u,

dr
u= T
Hence
dL d(mu)
E =uXmu-+r X 1

But the cross product of u with itself vanishes while d(mu)/dt = F is the force on
the particle, so

EIPXF. (4)



Figure 2: Multiple particles A, B, C, their position vectors and the vectors joining
them. If the force F 4o exerted by C' on A is not aligned with the vector ry — r¢
joining them (as suggested by the image), then neither is the equal and opposite
force F4 exerted by C' on A, the two forces generate a net torque. As shown in this
figure, they would cause an anticlockwise rotation and thereby change the angular
momentum of the system. However, angular momentum is conserved if the forces one
particle exerts on another are aligned with the vector joining them.



The quantity on the right-hand side of this equation is usually known as the torque
acting on the particle, denoted by

T=rxF.

Now, for a particle P in a collection of particles, we can write

dL
d_tp =Trp X Fp
=Trp X ZFPP/
Pl
= Zl‘p X Fpp/
Pl

The rate of change of total angular momentum is therefore
dLiw  —~dLp

dt & dt
:er XFP
P
ZZI‘P XFPp/

P P

where the right-hand side is the sum of torques on the particles.
But, by the same process of swapping the dummy indices P and P’ as above, we
can show that

E E I'pXFPp/: E E I'P/XFP/P:—E E I'p/XFPp/
P P P P P P

because the forces Fppr and Fp/p are equal and opposite. Now, using this, we can
write

ZZFP X Fppr = % (ZZI‘P XFPP’+ZZTP ><FPP')

P P P P L
= % (ZZI‘p X Fpp — ZZTP’ X FPP’)
P P P P
— %ZZ(I‘IJ — I‘p/) X Fpp/.
P P

But rp — rps is the vector that joins particle P’ to particle P. If the force Fpp/ is
parallel to the direction from P to P’, it follows that rp — rpr and Fpps are parallel
and hence their cross product is zero. it follows that

1
2 ZZ(I'P —1p) X Fppr =0

P P



and therefore that
stot

dt
so that angular momentum is conserved.
All the basic forces in nature (gravitational, electrostatic, ... ) are such that forces
act along the line connecting two particles, and consequently angular momentum is
conserved.

=0

Cross products and angular momentum in subscript
notation

Angular momentum is defined as a cross product of two vectors. Taking a cross prod-
uct is not a straightforward to write in subscript notation as most other vector op-
erations. Specifically, if r = (21, x9, 23) and u = (uy, ug, uz), then L = (Ly, Lo, L3) =
r X mu is of the form

Ly = m(xqug — x3u2) Ly = m(x3,u; — x1u3) Ly = m(xyug — xouy), (5)

and there does not appear to be a simple formula for the vector component L;.

The reason why cross products are difficult to write in succinct subscript notation
is that they actually are slightly unusual constructs in vector algebra: they require
a right-hand rule to define their direction: in a left-handed world, the would point
in the opposite direction. Nature of course does not really discriminate between left-
and right-handed rotations in this way, and in particular, does not care that the
x1-, xo- and wz-axes by convention form a right-handed coordinate system. Cross-
products are sometimes called pseudovectors because they change direction in going
from left-handed to right-handed coordinate systems.

In subscript notation, it is actually much easier to write them as so-called an-
tisymmetric tensors with two indices. Suppose that we were to define a tensor L;;
through

Li; = m(xu; — xju;). (6)

Then the components of £;; could be written out explicitly in the form

L11 = Loy = L33 = 0, L9 = m(iUluz—szﬂ = —/321, Lig = m(l‘lus—xsm) = —/331;

Log = m(m2u3 - $3U2) = —£32, (7)

or in matrix form

0 m(xiug — wouy) m(Tiuz — T3U)
L= —m(ziuy — xauq) 0 m(zous — T3us)
—m(xjug — x3uy) —m(Tous — T3Us 0



It should be clear that the matrix £ has precisely three independent entries.
Further, comparing (7) with (5), it should be clear that, if we know the components
(L1, Lo, L3) of the vector L, then we immediately know all the components £;; of the
matrix £, as we have

Ll = £23 = _£32a L2 = _£13 = £317 L3 = £12 = _£217 (8)

and L1 = Lo = L33 = 0. In other words, there is no information contained in L
that is not also contained in L or vice versa: if we know one of these objects, we can
reconstruct the other.

So instead of using the cross product L = r X mu as the definition of angular
momentum, we can equally use the tensor £;;. Similarly, we can define torque as an
antisymmetric tensor

Tij = xily — x; F, (9)
and just as we did above in (8), we can show that the cross product vector T =
(T, Ty, T3) relates to the matrix T~ through

Ty =Tas = —Ts2, Ty = =Tz = Ts1, 13 ="Ta = —Ta, (10)
But (4) in component form reads dL;/dt = T;. With (8) and (10), this becomes
dL;;
=T 11
Ly 7, (1)

or
d(m(zu; — xju;))

dt
Our next task is to re-write this for a continuum.

Conservation of angular momentum for a contin-
uum

In the tensor notation above, the angular momentum contained in a small volume 6V
around position (z1, z3, x3) and moving with velocity (uq, us, ug) is
OLi; = om(zu; — xu;) = p(ru; — xju;)6V

and the total angular momentum in a Lagrangian volume V' (¢) can therefore be found
by summing

L= / p(ziu; — xju;) dV
V(t)
The fundamental assumption made in continuum mechanics in general is that torques

on the volume arise entirely because of surface and body forces. Recall that the surface
force on a surface element §S can be written as

0F; = 04ni0.S,



where we have chosen k as the dummy index to avoid confusion with the fixed indices
1 and j that appear above. The associated torque is therefore

0Ti; = xidF; — x;0F; = (w;05m, — xj0n%)0.S.
Similarly, the net force on a volume element §V due to a body force f; is
0F; = f;oV
with associated torque
0T = v 0F; — x;0F;, = (x;f; — x; fi)6V.

The total torque can therefore be found by summing

T = (iojk — zi00 ), AS + / (wifj —w;fi)dV
S(t) V()

Substituting these into (11) gives

d

— pxu; — xu; dV:/
dt V(t) ( J J )

({L‘iO'jk — xjaik)nk dsS + / (ffzf] - x]fz) dv
S(t)

V(t)
We can now follow the same procedure as before to turn this into a differential equa-
tion, using Reynolds’ transport theorem and the divergence theorem. The only differ-
ence is that the conserved quantity £;; and hence the associated density p(x;u; —z;u;)
now have two indices ¢ and j, rather than one index ¢ for momentum p; and momen-
tum density pu;. All this requires is somewhat more careful handling of the repeated
indices that appear in the dot products in Reynolds’ transport theorem and the di-
vergence theorem — these must now not be ¢ or j, so we will use k below.

Applying Reynolds’ transport theorem to the time derivative,

0
/ En [p(wiuy — zju;)] AV +/ [p(xiu; — xju;)] ugng dS =
V(t) S(t)

/ (xiajk — xjaik)nk dS + / (mlfj — $Jfl> dV
S(t) V(t)
Next, using the divergence theorem,

0 P 9
/V(t) [a [p(xiu; — l’juz‘)]"i‘a_xk [p(xiu; — xjui)uk]—a—xk [wiojk — xjou|—(zifi—x; f;) | AV =0

And the usual argument about V'(t) being arbitrary allows us to conclude that the
integrand must be zero,

0 0 0

5 [P(wiuy — wju)] + . [o(ziu; — xjui)uy] — pr. [wioji — xjou] — (xif; —x;fi) = 0.

(12)



Reduction to a symmetric stress tensor

Equation (12) looks exceedingly complicated, but we can in fact reduce it to something
very simply by using the momentum conservation equation

Aps) | Dlpun) _ o
ot oxx, oy,

+ fi (13)

All we need to do is apply the product rule to the derivatives in (12) and recognize
a few facts about differentiating the terms z; and z; that appear in some of the
derivatives.

We will apply the product rule to each term in (12) in turn. Take the first term,

0 _ O(pujzs)  O(puyzy)
Opw) | owm ) s,
o TP T T T iy

But now you have to remember what the partial derivative 0/0t stands for: differen-
tiating with respect to t while holding x1, x5 and x3 constant. It follows that

3$i . al’j —0
ot ot
as this amounts to differentiating constants. Hence
0 Ipuj) — Opus)
o lP(wius = wjw)] = =5 =a; — =5 == (14)
Next, take the second term in (12),
o _ O(pujupr;)  O(pusupx;)
8_xk [p(xzuguk ZE]UZU]C)] - 8!L‘k Oxk
d(pujuy) Ox;  O(pujug) oz;
Oxy, it pu]uk@xk Oy, TP ukaﬂik (15)

Again we have to take a closer look at the partial derivatives 0x;/0xy and O0x;/0xy.
The partial derivative with respect to x; is a derivative taken with all the other x;’s
(i.e., with ¢ # k) held constant, as well as with ¢ held constant. The derivative of x;
with respect to xy is therefore zero if i # k, and one if 1 = k. To see this, we can
write the derivatives out explicitly for all the possible combinations of ¢ and &,

0y 0o O0x3
— =1 — =0 — =0
81:1 ’ 8%1 ’ 8x1 ’
0xy 0xo Oxs
— =0 — =1 — =0
81'2 ’ 8&72 ’ 0:1:2 ’

10



(91'1 (9$2 61'3
et ) ) 2=
8933 ’ 8&73 ’ 6:173

In matrix form, this becomes the identity matrix

Oz Omy  Oxs 1
o1 ox1 ox1

Oz Omy  Oxg 0
Ory Ore  Ox2 -

Oz Ozy Oy 0

8:E3 8333 813

o = O
_ O O

To facilitate writing this in subscript notation, we define a special tensor known as
the Kronecker delta by
1 ifi—
51’]’ = { ne J; (16)

0 otherwise,

so that P 9
ZT; X;
oz 0% g, O (1"

Now consider a sum over a repeated index involving the Kronecker delta, say

3
O3t = Z dija; = dpay + dipas + dizas.
j=1

Only one of the three terms on the right can be non-zero, because the Kronecker
delta is zero except if both its indices are the same. Take ¢ = 1. Then d;;a; = a; but
dioay = 0;3a3 = 0, and 0;;a; = ay. Similarly, if ¢ = 2, we get d;;a; = as, and if i = 3,
we get 0;;a; = ag, This can be summarized by saying

§i-aj = ;.

We can do the same thing for tensors with more indices. For instance, d;;0j, = o
by the same argument as above: 6;;0;; = Z?Zl 0ij0;k, and the only term in the sum
that is not zero is that for which 7 =1 .

Exercise 1 Recall that a repeated index indicates summation. In standard matriz
notation, how would you write a; = d;;a; ¢ How would you write o, = 6;;0:; ¢

With these properties of the Kronecker delta in hand, (15) becomes

0 d(pujug) O(puiug)
0(pujuy) O(puiug)
= a—;kxz -+ ,O'LL]"LL@' — a—xkl’j — puiuj
Ipujur) — O(pusup)
aZEk i a’Ek i ( 8)

as puju; — puu; = 0.

11



Similarly, we can deal with the third term in (12):

Y Y R TR
8xk ik g%kl = al'k ‘ jk@wk (%Jk J Zk(?xk
do ik aaik
= aCL’Jk xT; + ajkéik — a_fbkxj = O'ik(sjk
80' ik Gaik
= 83:2 Ti O T G O (19)
Substituting (14), (18) and (19) in (12), we get
o) Olpw)  Olpuu)  Olpu) oy 901

i=Ojit 5 wytoy—(wif—;fi) = 0
Ty

(20)
Now this does not look any simpler than the original, but recall that we wanted to use

the momentum conservation equation (13). Hence we group terms we can recognize
from (13) together. This allows us to rewrite (20) as

Opuy) | Opuju) _ Oojk _ £l Opui) | Opuiux) _ 0o
ot 0331@ 8.1'k J ‘ ot 8;1:k 8a:k

X X X X X
ot ! ot I 8xk ! 8xk I ka

— fz xj—aji+0ij =0

(21)
But if we replace all the ¢’s by j’s in (13), we can recognize that the first expression
in square brackets is zero. Similarly, the second expression in square brackets is zero,
and we are left rather prosaically with

—O'ji + 0'7;]' =0

as an alternative form of (12). In other words, conservation of angular momentum
boils down to the stress tensor o;; being symmetric,

Uij = sz'-

12



