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Overview
These notes cover the following
e Constitutive relations for fluids

inviscid fluids

viscous fluids

e incompressible flow: the Navier-Stokes equations

e flow in a pipe

A constitutive relation for stress

Conservation of mass takes the form
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Conservation of momentum can be written as
5’ui aul 80'ij
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while conservation of angular momentum demands that

Tij = 0ji (1c)



The third of these equalities implies that there are six components of the stress tensor
to specify (011, 092, 033 as well as 019, 013 and 093), from which the remaining ones
can then be determined (091 = 012, 013 = 031, 032 = 093).

However, in (1a) and (1b) we still have only four equations (one in (1a) and one for
each index ¢ = 1, 2, 3 in (1b)), but ten unknowns (the six independent components
of 0;; as well as three velocity components u; and density p). So more information
is required. In fact, (1) must hold for any continuum, and therefore contains no
information about the material in question, be it solid, liquid or gas. The missing
information must therefore encapsulate the physics of how the material in question
deforms. This information usually cannot be derived purely from first principles
except in special circumstances (for instance, in an ideal gas), but must be constrained
empirically. A simple example of a constitutive relation would be Fourier’s law linking
heat flux ¢; to temperature gradient,

or
qi = kﬁ_xz (2)
where the thermal conductivity £ depends on the material and possibly other factors
(such as temperature itself). In general k, cannot be derived from first principles (at
least not in any straightforward way) but must be determined empirically. In fact,
the validity of (2) must be tested empirically: is there a coefficient —k that does not
depend on the temperature gradient, such that heat flux equals that coefficient times
the temperature gradient?*
The choice of constitutive relations becomes considerably more complicated when
we have to figure out a model for how o;; depends on the state of deformation of a
material. Along with o;;, we also in general have to figure out a constitutive relation
for density p. While Fourier’s law applies widely and, by changing k, can be used to
describe the behaviour of many materials, even the functional form of constitutive
relations for stress and density (rather than just the choice of numerical value for
a coefficient like k) depends on the type of material. Here, we will focus on the
behaviour of fluids (liquids and gases, but mostly liquids, and even some solids when
subjected to forces for long enough).

IThere are some additional constraints on possible constitutive relations that we will not consider
in detail in this course. Some of these come out of considerations of invariance — the resulting
equations must not be specific to a particular coordinate frame but must ‘look’ the same in all
possible Cartesian coordinate systems. This is described briefly in the notes on invariance. Other
constraints come out of thermodynamics, and relate to the fact that entropy cannot be destroyed.
For instance, one can show (using something called the Clausius-Duhem inequality, which is a
continuum version of the second law of thermodynamics) that &k in Fourier’s law must be positive,
so heat cannot flow from cold to hot.
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Figure 1: The force exerted by a fluid (in grey) above the x;xo-plane on a part 65
of the plane is pdS in the negative xs-direction, or (0,0, —pdS) = pdSn as a vector.
The force exerted on the fluid by 65 is therefore in the positive x3-direction, given by
(0,0,pdS) = —pdSn in vector notation. In subscript notation, §F; = —pn;0.S for the
force exerted on the fluid, and, from the definition of the stress tensor, this should be
O'ijnjds

Inviscid fluids

Recall that stresses o0;; define surface forces. The most common understanding of
how a fluid generates surface forces is that there is a pressure p in the fluid, defined
as force per unit area. But pressure is a scalar, while forces are vectors and stresses
are tensors. So how can we build a stress tensor from the idea of a pressure p?

The key is that the magnitude of the surface force generated by a pressure p in
the fluid on a small surface element .5 is always the same at pdS regardless of the
orientation of 4.5, and that the orientation of this force is perpendicular to the surface
element 0.5, pointing out of the fluid. Forces being equal and opposite, this implies
that the surface element generates a force on the fluid of magnitude pdS pointing
perpendicularly into the fluid. If n; is an outward-pointing unit normal, this implies
that the force on the fluid is (see figure 1)

0F; = —pn;0S.

Recall that the surface force exerted on an element of surface 0.5 by a stress field
Oij is
5E = aijnjcSS
where n; points out of the material that the force is being exerted on. Equating this

with 0 F; above gives
—pnléS = a,-jnj(SS

or
—pn; = O'ijnj .



This must hold regardless of the orientation of the surface element 4.5, so must
hold for any choice of unit vector (nq,ns,n3). Picking the combinations (1,0,0),
(0,1,0) and (0,0,1) in turn leaves us with

o1l = —p 012 =0 o13=10
091 =0 022 = —p 093 =0
o31 =0 032 =0 033 = —D
or

for short. Note that this stress tensor immediately satisfies (1¢). But (3) implies
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which we can recognize as the negative gradient of pressure p. Conservation of mo-
mentum (1b) then becomes

ou; ‘ ou; op

Together with (1a), this is known as the Euler equations.

A fluid that only exerts forces normal to a surface as described by (3) is known as
an inviscid fluid. We can close the set of equations (1) (meaning, we can end up with
as many variables as we have equations) if we also specify a constitutive relation for
density p. The simplest is an incompressible fluid, for which p = constant, so (1a)

becomes P
U;
=0 5
oz, (5)
and in (4) and (5) we have four equations for the unknowns p, uy, us and us.

Alternatively, we may have a compressible gas, and p will typically depend on
pressure as well as on temperature T'. For instance, for a so-called ideal gas, we have

mp
pP= ﬁ?
where m is the mass of one mole of gas and R = 8.314 J K~ mol~! is the ideal
gas constant. A constitutive law (or ‘equation of state’) of this form would force us
to consider conservation of energy (the heat equation) in addition to (4) and (1a).
We defer this until later, where we consider the heat equation in the presence of
mechanical work being done.
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Figure 2: The force exerted by a fluid (in grey) above the zz5-plane on a part 6.5 of
the plane is pdS; here the fluid has a velocity u; parallel to the x;-axis that increases
with height x3 above the plane.

Viscous fluids

The point about an inviscid fluid is that the forces generated by the stress tensor o;;
are always perpendicular to the surface they act on, so there are never any tangential
forces, which we might associate with friction or drag on the surface. For this reason,
(3) is often not an appropriate constitutive relation, as many fluids do exert tangential
forces. Take honey as an example of a ‘sticky’ fluid that clearly adheres to surfaces
and exerts a tangential force. (If it didn’t it would flow off a spoon as easily as water,
which it clearly doesn’t).

To get an idea of how to build a plausible model for a fluid that does generate
tangential forces, consider the fluid flowing over a flat surface. Assume that the
flat surface is the xyxo-plane, and that the flow is purely in the x;-direction, so
that u = (u1,0,0). Assume also that the flow is uniform. This means the velocity
cannot depend on x; because the fluid would otherwise pile up somewhere or thin out
somewhere else (the divergence V-u = du; /0x, would be non-zero). By symmetry, we
also expect the velocity not to depend on the transverse direction 5. We do however,
expect that the velocity might depend on distance above the plane: in particular,
common experience would suggest that the flow velocity is faster the further the fluid
is from the plate. Hence we suppose that u; = uq(x3) (see also figure 2)

Now consider the forces exerted by the underlying plane on the fluid. From 6F; =
oi;n;0S, we have, for a surface element 0S5 in the zz,-plane with normal pointing
out of the fluid (i.e., down, with ny = ny =0, ng = —1),

5F1 = —0'1365, 6F2 = —0'23557 6F3 = —0'336S.

Now we expect a tangential force that opposes the motion of the fluid, so 0F; < 0 if
up > 0 and 0F, = 0 by symmetry.

If 0F) < 0, we expect o153 to be positive. But what should it relate to? We may
expect that the force gets larger the faster the fluid flows, so somehow o3 should



increase with velocity u;. However, if the fluid sticks to the surface (the zjzs-plane
at x3 = 0), the velocity at the surface is probably zero. In any case, we do note really
expect the force to depend on velocity as such: if the surface itself were moving,
we would expect the force to depend on some measure of the difference between
velocity in the fluid and the velocity of the surface. But what measure of this velocity
difference should we use? If the fluid velocity depends on x3, then there is presumably
a velocity gradient, with the fluid flowing faster the further away from the surface we
go, and the size of the stress 013 should relate to this. Just as Fourier’s law models
heat flux as depending on temperature gradients as a measure of how close hot and
cold material are to each other, an obvious model would relate the stress o3 to the
velocity gradient, which is a measure of how close fast- and slow-moving fluid are to
each other and how strongly they might therefore interact. A plausible model would
therefore take the form
(9u1

013 = Ma—%, (6)

where p is a constant of proportionality analogous to thermal conductivity k& in
Fourier’s law. This constant of proportionality is known as wviscosity.

Exercise 1 What are the units of 013 and Ouy/0xs? What are the units of viscosity?

Assuming that (6) holds for the simple geometry we have used above, we still need
to generalize this equation to give us the whole stress tensor o;; for a more general
flow, in which all the velocity components u; can potentially be non-zero, and where
they can depend on all the x;’s. The most tempting generalization would appear to

be 5
U;
Tij = fig— (7)
J

as this is obviously consistent with (6).

There are however two problems with (7). The first is that there is no reason
why it should satisfy (1c), as there is no reason why du;/0x; = Ou;/Jz;. The second
is that it predicts non-zero forces only when there is movement with finite velocity
gradients in the fluid — but from our discussion of inviscid fluids, we expect that
there can be normal surface forces due to pressure in the fluid even when the fluid is
at rest.

In order to satisfy (1c), we can make the stress tensor symmetric by writing

8Ui 3uj

This still satisfies (6) for the simple geometry for which we derived (6), as we have in

that case
ouy N Ous ouy
g = _— E— = _—
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uz being zero for the geometry under consideration. In addition, we also have 093 =
w(Oug /0xg + Ous/Oxs) = 0 as ug = uz = 0 for the geometry we considered above.

Equation (8) does satisfy the angular momentum conservation law o;; = oj;, but
it will still only generate stresses if there is flow. To get around this, we somehow need
to introduce a pressure variable that can account for normal forces (perpendicular to
the surface) when the fluid is at rest (i.e., when Ou;/0x; = 0). The usual way to
introduce this in continuum mechanics is to define pressure as

P = _Uii/37 (9)

which is consistent with an inviscid fluid, where o;; = —pd;;, so that o; = —pd;; =
—p(611 + 22 + 033) = —3p.

Note 1 Note that equation (9) is p = ((—o11) + (—0922) + (—033))/3 when written
out. It should therefore be understood as a mean over the stress components 11, 099
and os3. Fach of these corresponds to a normal force: imagine a small surface d.5,
and orient it parallel to the xixo-plane. The component of force normal to it being
exerted by the material below on the material above is then —o330S (recall that the
force generated by a stress tensor is generally 0F; = o;;n;, where n; is the normal
pointing away from the material the force is being exerted on). We can similarly
compute —0290S as the normal force generated if the surface d.S is rotated into the
r1x3-plane, and —o116S as the normal force generated if the surface §.S is rotated into
the xox3-plane. Pressure is simply the mean over these normal forces divided by the
area they act on.

What we would now like is something that looks like (8) and produces (6) for the
simple flow geometry considered above, but reduces to 0;; = —pd;; when the fluid is at
rest, when we expect the discussion in the preceding section on inviscid fluids to hold.
Note that with (8), we would have oy, = pu(duy/dxy + duy/Oxy) = 2uduy/Oxy. To
obtain something that satisfies (9), we should therefore subtract [2u(Juy/0xy)/34p]di;
from the right-hand side of (8),

= — ———30;j | — pdij. 1
%y =1 (8xj * Ox; 3 0xy j) o (10)

This is the general form of a viscous constitutive relation for o;;. We can easily
check that, with this prescription of o;;, we have

Oii = [ <(9xi + 0w, 53_13196”) — pdy;

=M<8ui+aui—g%x3)—3p
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as required by (9). In addition, when there are no velocity gradients, we recover the
inviscid stress (3). For the simple flow geometry we considered leading up to (6), we
also still obtain o135 = puduy /dxs, oe3 = 0.

Whether (10) is correct for a particular material can generally only be established
by experiment. A wide variety of fluids can be described using this constitutive
relation. For instance, (10) holds for water with ;= 1.8 x 1072 Pa s™! at its melting
point.? A fluid for which p is a constant is called a Newtonian fluid. An inviscid fluid
can be obtained simply by putting pu = 0.

Exercise 2 Let (uy,us,u3) = (—wws,wx1,0) and p = pg(h — x3), where w, p, g and
h are constants. Compute o;; as a function of (x1,xa,x3) from (10). Also compute
the components of the vector 0o;;/0x;.

Exercise 3 Let (uy,uz,u3) = (uop(1 — 22/h?),0,0) and p = —Cxy, where ug, h and
C' are constants. Compute 0;; as a function of (x1,xq,x3) from (10). Also compute
the components of the vector 0o;;/0x;. If there are no body forces and 1 is constant,
what does C have to be in order for the fluid to be in steady state? Hint: If the fluid
is in steady state, then Ju; /0t = 0 in (1b). Sketch the velocity field in the x1x3-plane.

Note 2 The combination of velocity gradients

8u¢ 4 8Uj
8xj 8951

occurs frequently enough to be given its own symbol. Specifically, the strain rate tensor

D;; is defined through
1 [(0u; = Ou,
D= - - 7).

(10) can then be written as
2
0ij = 2 (Dij - ngk(sij> — pdij.

Often, the first term on the right-hand side is referred to as the deviatoric stress 7;;
defined through
Tij = 0ij + pdij (11)

with p given by (9), so that

1
Tij = 24 (Dij - ngkCSij) .

2 As with many other fluids, the viscosity of water is temperature-dependent, and decreases some-
what with increasing temperature. This is even more pronounced with supersaturated sugar solu-
tions like honey or corn syrup: these are very sticky at low temperatures, with high viscosity, and
become runnier, with lower p, at higher temperatures.




Note 3 The mean normal force generated by the deviatoric stress is zero. From (11),
it follows that by setting i = j and summing,

Tii = Oi + Pl
But 011 = 099 = 033 = 1, so 0;; = 3 and
Tii = 04 + 3p
But p = —0y;/3 by definition, so
Ty = T11 + Too + 133 = 0.

(10) is the general form of stress for a viscous fluid. The definition of pressure is
however not unique: it was originally intended to ensure that there is a stress field of
the form o,; = —pd;; when there are no velocity gradients. We could easily define a
new pressure variable

Quk
D= —= 12
P=pting (12)
for some coefficient j, and obtain from (10) that
aui 8uj 2 auk aUk _
7ii M(@xj+8xi 3 Oy, J>+ub8xk i P (13)
The stress tensor then still reduces to o;; = —pd;; when the fluid is at rest (in which

case p = p), and also predicts (6) for the geometry considered there. However, p does
not satisfy the usual continuum mechanical definition of pressure in (9).

There are situations in which a pressure p is more useful than p defined in (9). In
compressible gases, for instance, density is usually taken to be a function of pressure.
However, the pressure that appears in the constitutive relation for p is not the con-
tinuum mechanical pressure defined by (9) but the thermodynamic pressure. This is
generally related to the continuum mechanical pressure p through a relation of the
form (12), with p denoting the thermodynamic pressure and u, known as the bulk
viscosity. To offset the original viscosity p from gy, p is sometimes referred to as the
dynamic viscosity.

When p is thermodynamic pressure, the term

e Ou;  Ou;  20uy Ouy,
T = (axj  oxs gaxﬁ) e g

in (13) is usually referred to as the eztra stress. This is similar to deviatoric stress,
but unlike the latter, we generally have 7j; # 0. In terms of 7, and p we have

Uij = Tij — p&lj.



Incompressible Fluids and the Navier-Stokes equa-
tions

A frequently encountered type of viscous fluid is an incompressible fluid: most liquids,
for instance, are nearly incompressible. This implies that

p = po = constant.

Conservation of mass (1a) can then be reduced to
@ui
8@'

With this in hand, the viscous stress prescription (10) can be written as o;; =

p(0u;/0xj + Ou;j/0x;) — pd;;, and (1b) becomes

ou; Ou;\ 0 Ou;  Ou;j dp

Further simplification of (15) is possible if u is a constant (i.e., if the fluid is
Newtonian). p can then be taken outside the derivative:

ou; ou;\ 0%u; 0?u, op
Po (E * a_) = (axjaxj * axjax) ~ o, (16)

—0 (14)

But

8@8% - 81’181’] n (91:1 al’j
as Ou;/O0x; = 0. This allows us to simplify (16) to

Qui 8UZ a2ui ap
) = - y 1
fo ( 825 + UJ 81:]> 'u&z:jé’xj 8(131 + fz ( 7)

(14) and (17) together are usually referred to as the Navier-Stokes equations, and
are widely used to describe the behaviour of simple incompressible liquids like water.

It turns out that the Navier-Stokes equations as stated above can be written in
standard vector notation, as the divergence of the stress tensor on the right-hand side
of (17) involves only the Laplacian of velocity u; and the gradient of pressure p. In
standard vector notation, we obtain

82uj 82uj 8 <8U]>

V.u =0,

Po (?9_1; +(u- V)u) =uV*u — Vp +f.
We persist with the index notation version below, but it is important that you can
recognize this form of the Navier-Stokes equations as being the same as (14) and (17),
since you may encounter the vector notation version in other pieces of writing about
fluid dynamics. Note that the brackets around u - V are also often omitted in the
second vector-notation equation above.

10



Figure 3: Geometry for a unidirectional flow in a pipe along the x;-axis.

Unidirectional flow

Having elaborately constructed a theory for viscous flow, this is a good time to actu-
ally calculate a solution. Consider an incompressible, Newtonian fluid whose flow is
purely in the x;-direction, for instance through a pipe of uniform cross-section that
is parallel to the xi-axis (see figure 3). To make things easier, suppose that the body
force f; is a constant, and assume a steady state so the flow does not depend on time.
Then

uy = uy (21, 29, T3), ug = uz = 0.
The mass conservation equation (14) now becomes
Ou _
81'1
s0 uy = uy(z2, x3) does not depend on the along-flow direction ;.
Exercise 4 Suppose that the pipe is inclined at an angle 6 to the horizontal, pointing
downwards in the positive x1-direction, and let xo be transverse to the slope (so the

xo-azis is horizontal). If po is fluid density and g is acceleration due to gravity, and
body forces are purely gravitational, what are fi, fo and f3?

Next, we consider the momentum conservation equation (17). Pick i = 2 first.
With us = 0, this simply becomes

Op

8_1'2 = f27
where f5 is, by assumption, constant. Similarly, with ¢ = 3, we have
Ip
oay T
T3

11



If we define a slightly altered pressure variable P = p — foxe — f3r3, we have

oP 0P

= =0
8x2 81’3 ’

and P = P(x,) depends only on the along-flow direction.

Next, take @ = 1 in (17), and substitute p = P + foxs + f3xs.

us = uz = 0 and Juy /0zr; =0,

. 82U1 n (92u1 . aP
- A dzd 023  0On

0 + fi

We get, with

(18)

Exercise 5 Show explicitly that (18) holds, by demonstrating that the terms on the

left-hand side of (17) vanish here for i = 1.

We can now also show that P must depend linearly on position z;. Differentiate

(18) with respect to x:

33u1 (92u1 6’2P

0= .
M(?a:l@:c% * dx102%  Ox?

as fi is assumed to be constant. But

83U1 83'&1 82 (8u1) —0

1023 - 0x301, h 0x3 \ 0z,

on account of (14). Similarly,
837,&1 .
8%181‘% o
leaving
0?P

=
Oxy

0.

But we already known that P = P(x;), so the only possibility now is that P =
Py — Czy with Fy and C constant. We put a minus sign because we expect fluid
to flow from high to low pressure, so pressure decreasing along the zi-axis should
facilitate fluid flowing in the positive x;-direction; the opposite case is of course also

covered if we simply make C' negative.

Exercise 6 With the same setting as (4), what form does pressure p(x1, xe,x3) take?

Can you interpret any part of this as a ‘hydrostatic pressure’?

Note that
or__op

C==90 " "o

12



Figure 4: Geometry for flow between parallel plates x;-axis.

is the negative pressure gradient. Substituting this back in (18) gives
82’&1 32u1
0= — C
M(@x% * 0% TOTh

or, if we combine the component of body force in the x;-direction and the pressure
gradient into one symbol

f=C+ fi,

Puy 0%y
(G ) =1 )

we get

with f constant.
The term on the left is the two-dimensional Laplacian of u;(x9,z3); in more tra-
ditional (z,y, z)-coordinates and with u = u;, we would have written

Pu u
(G 5) =1 2

This problem is relatively easy to solve in simple geometries, provided we also
provide appropriate boundary conditions on u;. Take for instance flow between par-
allel plates (figure 4). If the plates are at x3 = 0 and z3 = h, then by symmetry we
expect u; = ui(x3). If we also assume that the fluid cannot slip over the plates, then
we have u;(0) = uy(h) = 0, and therefore

LT w1 (0) = ur(h) = 0 (21)

H da? =/ V) =u =
with f constant. Simple integration and appliation of the boundary conditions gives
uy(x) = —%xQ—i—ax—kb, u1(0) = b =0, uy(h) = —%iﬂ—l—ahzo (22)



so a = fh/(2u) and

uy(z) = _ixZ + ﬁx — fa(h —2) (23)

20 2u 21
The flow velocity half-way between the pipes is therefore u;(h/2) = fh*/(8u),
which increases quadratically with the spacing between the plates, and decreases
with the viscosity (or stickiness) of the fluid.

Exercise 7 We can also compute the flow in a circular pipe. Suppose that the pipe
1s centered on the x1 axis, and the velocity depends only on distance r from the centre
of the pipe. It is then appropriate to switch to cylindrical polar coordinates with
xo = rcos(f) and x3 = rsin(f). We have uy = ui(r) and the Laplacian of uy can be
written in the form

82U1 82u1 1d du1
JE— —_ - r—

dz2 023  rdr \ dr
As above, suppose that the fluid is stuck at the walls of the pipe, so u; = 0 there, If
the radius of the pipe is R, solve (18) to derive

(24)

R =)

uy(r) = I

The rate QQ at which water comes out of the pipe, measured in mass per unit time,
can be computed from the surface integral

Q / pu;n; dS
s

over a cross-section across the pipe. Find Q) in terms of R, f and p. If you double the
width of a fire hose and keep its length and the water pressure in the water mains the
same, how much will the rate at which water comes out of the hose be increased by if
the calculation above is correct? If 1072 Pa s, R = 5 c¢m and the flow is driven purely
by a pressure gradient along a 100 m long hose, with a mains pressure of 350 kPa,
what water flow rate in kilograms per second and cubic metres per second would you
calculate?

Note that with typical water flow, the assumption of a unidirectional flow in which
uy = uz = 0 actually breaks down; the flow will spontaneously develop so-called eddies.

Boundary conditions
The Navier-Stokes equations (14) and (15) require as many scalar boundary conditions

at each boundary as there are velocity components — so three if we are in three
dimensions.

14



There are some boundary conditions that occur frequently, For instance, when a
fluid is in contact with a rigid wall, one often assumes that the fluid is stuck to the
wall, in which case

Where a fluid is in contact with a vacuum (or an inviscid fluid at negligible pressure),
there is then no force at that interface, so 0F; = 0;jn;05S = 0 and hence?

OiiN; = 0. (25)

There are some cases in which there may be contact with a rigid wall, but slip
between the wall and the fluid is possible. In that case, we have no fluid penetrating
into the wall, so

But this is only one scalar boundary condition, and we cannot say that the tangential
component of velocity is zero if there is slip. Instead, we may assume that the
tangential component of velocity is related in some way to the tangential component
of stress at the boundary.

We need to make more precise what we mean by this. The force on a small
element of boundary is 0F; = o;;n;05. The tangential component of a vector can
be computed by subtracting the normal component from the vector. The length of
the normal component of a vector is a;n;, and its direction is n;, so the written
as a vector, the normal component is a;n;n;. The tangential component of a is
therefore a; — a;jn;n; = a;(6;; — n;n;).* The tangential component of §F; is therefore
dF;(0;;j—n;n;). Taking care not to repeat indices more than is permitted, this becomes

617]((513 — ninj) = ijnk(&-j — nznj)(SS

We can then define the shear stress at the surface as being the tangential component
of force divided by the small element of surface 45 it acts on, so

Tsi = Ujknk(5ij - nmj)

This is the shear stress that acts on the fluid, with the usual outward-pointing sign
convention for n;.

For a boundary where there is slip, we may expect that this shear stress opposes
the motion, and so is directed in the direction of —u. The unit vector in that direction
is u;/|ul. The magnitude of the shear stress depends on the physics of the contact
between fluid and rigid wall. A typical assumption is that it depends on the magnitude
of velocity, and is an increasing function f(|u|) of |u|. In that case, we would have

okni(0;; —nyng) = f(jul)u;/|ul. (27)

3There are reasons why this may not hold; for instance, if surface tension is significant, the
right-hand side of (25) is not zero but given by the curvature of the fluid surface.
4The tensor di; —nin; can therefore be thought of as a tensor that projects vectors onto a surface.

15



This provides the remaining two scalar boundary condition. It may look like this is
a vector equation, and so should have three components. However, we can show that
(by construction) the vectors on both sides have zero component parallel to n, and
so effectively only have two independent components. Specifically, we have for the
left-hand side

ajknk(éij — TLﬂ%)TLZ = ajknk(nj — nmm]) = ijnk(nj — TLJ') =0

as n;n; = 1, and so the tangential component of o;;n; really does have zero component
parallel to n;. For the right-hand side of (27)

f(a)ui/aln; = [f(Ju])/|uljuin; = 0
as u;n; = 0 from (26).

Note 4 Note that the shear stress ojgng(d;; — nin;) can actually be computed from
the deviatoric part 7;; of the stress tensor o;; alone: we have 0;; = 7;; —pd;; and hence

ok 0z — miny) = (Tjr — poji)n(di; — miny)
= im0y — ning) — pn;(di; — nin;)
= Tjknk(5ij - ninj) —p(n; — ”z’nj”j)

= ik (0ij — 1in;)
since njn; = 1.

Note 5 The nature of the boundary conditions imposed actually turns out to be just
as important as the Navier-Stokes equations themselves in determining a solution. As
usual, these boundary conditions contain information about physics at the boundary
that is not contained in the partial differential equations (14) and (15) themselves. For
instance, if we had tried to insist on zero tangential force at the wall in the parallel-
plate example above, we would have found the boundary conditions dui/dz3 =0 on
x3 =0, h. But we would not have been able to solve the problem in that case. Can you
show this, and think of a reason why? What assumption that we made previously must
fail? Hint: Think of this as a mechanics problem: in steady state, all components
of force must balance. Which ones can we not balance with zero tangential stress
boundary conditions?

When the fluid is contact with a vacuum and (25) applies, it is generally the case
that the surface of the fluid also evolves in time. This is a common occurrence, with
obvious examples being waves on the ocean, or the surface of a mountain stream.
A free surface that can evolve requires an equation that describes that evolution,
known as a kinematic boundary condition. We can derive such a condition simply.
A surface is generally parameterized by F(xi, 23, 23) = 0 for some function F' (the
surface is then the 0 isosurface or zero contour of F'). If the surface can evolve in
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time, this should be written as F'(x1,x9,23,t) = 0. A simple example for a surface
that can be written as a height above the xyzo-plane through z3 = h(xq,x2,t) would
be F(x1,xq,23,t) = h(z,y,t) — 2.

The surface of the fluid is also a material surface, meaning that it moves at the
velocity u of the material there. Take a material point (z(t), y(t), z(t)) on the surface.
For this point, we have

F(z1(t), z2(t), z3(t),t) =0

for all times ¢, and therefore

d
EF(ﬁl(t), Ig(t), Jjg(t)7 t) =0.

Applying the chain rule, we get

8F VE. <d£L’1 dZ‘Q 8133)

o TV Var @ e
But the time derivative of (x(t), z2(t), z3(t)) is simply the velocity u, so

or
— F-u=0.
8t+v u=20

For the surface given by F(z1,z9, x3,t) = h(x1, z2,t) — x3, this becomes

Oh Oh Ooh
J— + U] ——

Uo— = Ug3.
ot or, | O0xy
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