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Overview

These notes cover the following
e The concept of invariance

Transforming vectors between coordinate systems

Invariance in vector equations

Scalars

e Tensors, contractions and derivatives

Physics and the choice of coordinate system

Having encountered vectors and tensors, it is worth at this point going a little deeper
into what they are. The basic idea we will investigate below is that a set of equation
describing a physical process should not depend on the choice of coordinate system.
This is the concept of invariance, and is fundamental to physics. What we mean by
‘not depending on the choice of coordinate system’ is that we can define operations
like taking a gradient or a divergence with respect to any given coordinate system. So
we can write down, say, the heat equation in a Cartesian coordinate system Ozixo73

as
oT oT 0 ( GT)
k = a.

pc—— + pcu; B,

ot or, O (1a)




Now, we expect that if we had chosen a different set of axes Oz zha}, we would have

written

or 0T 0 ( 8T) = a. (1b)

oz,
However, once we have written (la), we specified a problem that will determine
the function T'(z1,x9,x3,t). If we now transform this function to (x},z}, 2%, t) as
independent variables, it is not immediately clear that it will also satisfy (1b). If it
doesn’t, then this would imply that there was something special about the choice of
coordinate axes — counter to our physical expectations.

To make further headway with this, we have to understand first how transforma-
tions between Cartesian coordinate systems work.

Transformations between different Cartesian coor-
dinate systems

In really basic terms, if we go from one set of Cartesian coordinate axes® to another,
the form of a vector as expressed in terms of its components parallel to the coordinate
axes must also change, and this change has to take a certain predictable form. We
illustrate this using the example of a rotation of the coordinate axes.

Take a vector a with components (ai, as, az) expressed relative to a set of coor-
dinate axes Oxizox3. In the original, non-subscript vector notation, we might have
written this as a = a;i + asj + ask. More consistent with our idea that there is no
intrinsic difference between the coordinate axes and with labelling with numerical in-
dices (i.e.using (x1, z9, x3) rather than (x,y, z)) is also to change the notation we use
for unit vectors. This is usually done by writing the unit vector in the ith direction
as e;, so e; =i, e = j, e3 = k. Then we can write a = a;e; + ase; + azes.

Now suppose we have a second coordinate system Oz z5x% that is rotated relative
to Oxyxows, and we'd like to know how to express the components (a}, ah, a}) of a
relative to this second set of coordinate axes in terms of the original components
(ay,a9,a3). The answer is that we find the component of a vector relative to a
particular coordinate axes by taking the dot product of the vector with the unit
vector parallel to that axis. In other words, where we could previously have written
a; = a-ej, we can now write

a;=a-e]
where €] is the unit vector in the z/-direction. But we have an expression for a in
terms of the original components (aq, as, az). Substituting this, we get

/ /
a; = (a1e1 + azes + azes) - €]

= (e; - €})a; + (e - €])as + (e3 - €])as,

IThe idea of invariance can also be developed for non-Cartesian coordinate systems, but this is
considerably harder. A course in general relativity is often a useful starting point for this.



so aq is a linear combination of the original components (a;, as, az). By the definition
of the scalar product and the fact that all the unit vectors have magnitude one, the
coefficients e; - €], e; - €] and e; - €] are simply the cosines of the angles between the
original x1-, ro- and z3-axes and the new z/-axis.

Similarly, we can write the remaining two components a), and a} relative to the
new coordinate system in the form

ay = (e - €y)a; + (e - €5)as + (e3 - €5)as

a’3 = (91 . eg)al + (62 . eg)(lg + (63 . eé)ag,

The above can be written more succinctly as

3
a; = (€ -e;)a,
j=1
Defining a transformation matrix R;; through
Rij =€} e,
this becomes ;
a; = Rija; (2)
j=1

Employing the summation convention, to which we will return shortly, this would be
written as a) = R;ja;.?

Suppose we now have the components (a},a),as) in the new coordinate system
and want to go back to the old (ai, as,az). By the same process as above, we would
write using a = aje; + abey + ajes that

ap =a-e; = (e -e)a) + (e}, -er)as + (e3 - e;)ay

and similarly for as and as. In short form, these would be

3 3
E / ! E /!

with jo =e;- e;. But reference to the definition of R;; above shows that

Ri; = Rj;

2In perhaps more familiar matrix notation

ay Ri1 Riz Ris a1
ay | = | Roa1 Ry Rao as | .
aj R31 R3» Ras as



so that? ,
a; = Z Rjia;-. (3)
j=1

We also know that if we first transform from the Ox1x5x3 coordinate system to the
Oz zhx’ coordinate system and then back again, we must get the original components
back. In other words, we must always have

3 3 3 3 3
a; = z} Rjia;- = Z Rji kz: Rjkak = Z; Z RjiRjkak (4)
Jj= =1 =

j=1 j=1 k=1

as a;- = 22:1 Rjray. This must hold for any vector a. Hence we can demand that it
should hold for the vector with a; = 1, as = ag = 0. But then (4) becomes

3 3 3
S RaRa=1, Y Ry =Y Rk =0
j=1 Jj=1 Jj=1

Similarly picking a; = ag =0, ay = 1 gives

3 3 3
Y RuRpp=7) RpRp=0, Y RpRp=0,
j=1 J=1 J=1

while a1 = ay =0, a3 = 1 leads to

3 3 3
Z leRjg = Z RjQRjg - O, Z Rngjg - O,
J=1 J=1 j=1

In short, this can be written as*

3
Z RjiRji = bk
=1

Similarly, it is possible to show by demanding that a} = Z?Zl Rija; = Z?Zl 22:1 R;;Ryja;
for all vectors (a}, aj, ay) that®

3
E RijRi; = 0k
J=1

3In standard matrix a language, the transformation matrix for going from a to a; is the transpose
of the transformation matrix used to go from a; to a;.

4In standard matrix notation, with R being used to denote the matrix with entries R;; and I
being the identity matrix, this would become RTR. = I, and the matrix R would be described as
being an orthonormal matriz, or a rotation matrix.

5Better still, if you know something about matrices, you will know that pre- and post-
multiplicative inverses are the same, so that if RTR = I, then we also have RRT =1

4



Reverting to standard summation notation from now on (i.e., dropping the explicit
summation signs above), we can now say that a vector a is not just an object with 3
components (ay, as, az), but also that these components transform to the new frame
as

a; = Rija; (5)

where the transformation matrix R;; satisfies
RjiRjk = Rinkj = de (6)

Exercise 1 Consider a counterclockwise rotation through an angle 6 about the x3
axis. Show that

RH R12 R13 COS(@) Sln(@) 0
Rgl R22 Rgg = — 8111(9) COS(&) 0
R31 Rz Rs3 0 0 1

and that Rinilc = Rﬂfti,z€Z = (Sjk.

Invariance in vector equations: gradients as vectors

If we have an equation describing some physics involving vectors, we have to be sure
that both sides of such an equation transform in the same way from one coordinate

system to another. Take for instance Fourier’s law, which states that q = —kVT, or
oT

Now, if heat flux q is a vector, then we should have
G = Ri;q;.

But we would also like Fourier’s law to hold in the rotated coordinate frame, meaning
that the flux ¢} should be given by the gradient with respect to the rotated coordinates,

;o oT
This would require that
or oT
8[)3; Y 8xj ’

In other words, the question is whether the gradient of a scalar function transforms
as a vector. This is not immediately obvious. What we need to do is to apply the



chain rule, which states that®

oz, Ox; Oz}’
But z; = Ry;z}, from (3), so
Oz, oz}
8—:; = Rkja_:; = Ryjon; = Ry
and hence aT o7
oa = Rija_xja (7)

and the gradient of a scalar really does transform as a vector.

Scalars: dot products and divergences

Having characterized a vector as something that has three components that transform
in a particular way, we can also refine our understanding of a scalar. A scalar is a
quantity that has a single value and that does not change under a change in coordinate
systems. For instance, the component ¢; of the vector q is not a scalar, because
¢y # g, but temperature 7" at a given point is a scalar because it does not matter
which coordinate system we use to express position.

Where this gets interesting is when we have a scalar quantity derived from a
vector. For instance, we might say that the kinetic energy of a point particle of mass
m and velocity u is m|u|?/2. We would like this to be a scalar, so that kinetic energy
does not change when we rotate our coordinate system. But is it a scalar?

Take a vector a = (ay, as,as). Then the square of the length of the vector is

la|? = a;a;

In a rotated coordinate system, we would compute aja;. From (5) and (6), we can
show that this gives the same value for |a|? as a;a;. We have

a;a; = (Rija;)(Rixay,)

6Recall that we are using the summation convention, so

aT 9T Oz, _23: aT du;
j=1

dx! — dx; O dx; Oz

In more classical notation, this would have been for instance

or _oros oroy ot o
oz’ dx dx' Oy Ox' Oz Oz’

and similarly for 07'/0y’ and 9T /97"



making sure not to repeat an index more than once. But
(Rl-jaj)(Rikak) = Rinikajak = 0jkAj0 = QA

from (6). Hence aia, = aray = a;a;, and the length of a vector really is a scalar.
More generally, we can show that a dot product is a scalar. As |a|]?> = a - a, the
result above is then simply a special case. We have

a-b= Clzbz
In a rotated frame, we would have calculated
a;bg = (R”CLJXRZkbk) = Rinikajbk = 5jkajbk = ajbj = aibz-,

and we obtain the same answer for a-b in the rotated frame. Knowing that a gradient
is a vector, it follows that pcu - VT = pcu;0T /Ox; is a scalar.”

Many of the equations in continuum mechanics contain divergences. For instance,
we now know that q = —kVT is a vector. But the heat equation (1a) really reads

oT
pca—i—pcu-VT%—V-q:a,
and we know from the above that pcu- VT is a scalar (just as pcdT'/0t and a are). In
order for this equation not to depend on the choice of coordinate system — in other
words, for (1b) to hold if (1a) holds — we have to be sure that V - q is a scalar, i.e.,
that
0q; o dq;

But if q is a vector, then ¢; = R;;q;. By the same steps as those leading up to

(7), we also know

0 0
— = Rj— 8
or, " oxy, (8)
where we have used a different dummy variable for convenience. But then
9(Rij4q;) _ Oq g

dq; 9q; dq;
;= Riy—"% = Ry Rij == = Opjs = 77— =
o, Ry =~ il =%ig = 50 = om;

as required, and the divergence V - q is a scalar. It follows that, if we transform (1a)
to (x), 2, %) and t is independent variables, we obtain (1b).

"You might wonder about velocity u being a vector but this is easy to show: if (z1(t), z2(t), z3(t))
denotes the position of a particular bit of matter, then the velocity field at that point is
(ur,uz,uz) = d(z1(t), z2(t),xz3(t))/dt or u; = dz;(t)/d¢. But then, in the Ox)zbzl frame, we
have u} = dzf(t)/ dt = dR;;x;(t)/ dt from (5), so that u = R;; dz;(t)/dt = R;ju,.



Tensors

While we had a straightforward geometrical guide to how scalars and vector should
transform, this is not as simple for tensors. The rule here is that a tensor A;; should
transform as
Aéj = R RjiAp.
Higher order tensors with more than two indices (such as p(oj,x; — o2;), which can
be identified as the conductive flux of angular momentum £;; in the k-direection)
should transform correspondingly as
ik, = RipRjqRir - .. Apgr...

Note that this is consistent with how a vector transforms, if we treat a vector as a
tensor with only on index.

This definition of how a tensor should transform has several essential properties.
First of all, so-called direct products (or outer products) of vectors are naturally ten-
sors. For instance, if A;; = a;b; with a and b tensors, then

A;j = RipRjAn = (Rixar)(Rubi) = a;b;'

as expected. Hence angular momentum m(z;u; — z;u;) transforms as a tensor as
required.

Also, we frequently multiply a tensor by a vector and sum over an index to form
a new vector or tensor, for instance as in a; = A;;b;. This is called an inner product
or a contraction over the repeated index. The result is then indeed a vector:
a; = Abs = (R RjiAw) (Rjmbim) = Rir(RjiRjm) Apibm = Rig Rim Aribm = Rix Apby = Riay,
as required. This ensures for instance that an element of surface force f; = o;;n;AS
is indeed a vector of o;; is a tensor. Alternatively, we can take a tensor and sum over
a repeated index within it to form a new tensor, vector or scalar.® This is also called
a contraction. For instance, if A;;;, is a tensor, then a;, = A,;;; is a vector:

a; = Ajj; = RiRj Rjm Arim = RitOim Apim = Rix A = Rirag.

Lastly, derivatives of vectors or tensors are tensors. Take for instance A;; =

Ja;/O0x;. From (8) above, we have

0 0
— Riy—o
oz — "' oy
and hence o (R ) P
a; ikQk ay
A;.j = 8x;~ = Rj a—xl = RikRﬂa_xl = RikleAkl

8This distinction actually becomes unnecessary: a vector is simply a tensor with only one index,
and a scalar is a tensor with no indices at all.



as required. Together with the results on contracting over repeated indices above,
this ensures for instance that

ou; 00;;
] qa 2%
U] 81’j an al‘j

are vectors, while the so-called strain rate

1%—§(a;+m)

behaves as a tensor.

Exercise 2 Demonstrate explicitly that, if

3ui

@i =i
J

then a; = R;ja;. Repeat for a; = 00;;/0x;.



