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o kundu JL. CAL CULUS OF VECTORS . DPYRDICLS AND TENSORS
~ veoctor : :
nOtation FﬂC}S'g'é}’A' Introduchion £ Review
N eclass /L Scalars # vectors
Scalan ¥ magnidvde  oaly €.9.5 oSS | tempe, cfurc
vecfor 2 ¢ haracterzed by mo gntude ¥ o'trécﬁoh 5
répresented geomeimcaly as an arr.w/(
= 2 vectors gre equal they hawe tte sanx
\ magnitvde & direction “parallel transport of vertrs”
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(chc:'%elc&s, t 55 imporfuat fo  keep tn mnnd that
the efdect of a Gen  veCRr may depend wpon 1B /o.faﬁmi)
-{NWATIDN}’ I wil Npically ndicase a vector g_uantz'-f}(
b)’ an ynder{ine ) €9 2 or _é .
g/w ' . el -t
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0. we wdl indicae He uad base vectors G$ ¢
£ T base ve X3 g (00,1)
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b. - In order~ deseribe a yeetor yoo muut g both
Cthe  fomponents  and the  buse  vethos o
. ; lled DOT
€. FRecall +he defurihon of the SCALAR PRADUCT of 2 vectors:
i a4 g . d
NGTE S (V 2 ,é = /2/ /_é/ cos B * A8
T g-=0 where +, tudes of b £
gy I .
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A+.b = gy bx 4 a\l,bY + a, by



¢. Scalar product (Connnued) (
) Crearly, we also  have 4-b=t-g and a-(b+c)=a-b+a¢
and 2 .
el g-a = 2
d. VeECTor PRODSCT  ( alse called CROSS PRODVCT)
- G) The vector product of 2 vecls 4,5 is defined as NeTE
My o~ a7 b = lal [b] sine e £ b ard=0
or this gperafion - - -~ =
s 75 many where e & g uat wctor m the & |,
others ' direction Pergnd!td[qr‘ v the PLCmE. ) ~
wite X, formed by o & b y G5 guwen Ly the RIGHT-HAND RULE .
Gy From the defuitions g~ b = - £1g  and gr(bec)=arb+ anc
T also follws +hat  irp =k, L1k =) jrAE=( it(=0 ek
G} You may also vememben wnﬁry SumCthuay like
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Ve now vitvoduce o 5pccm.f. notedhion  whiclhh wil S‘”"P“fy mqny manifula:ﬁﬁn:. |
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B EWSTEIN INDEX NOTATION AND THE SUMMATION CDANENTION

L. let us reconsider  seome of the above,  From now on kegp wn
mind +hd we are r.gpro'enf?rj vecfors tn & three-dimensiondd WQ.LIE‘_.

So, we will nov label (x,y,%) coerdnates by (1,22)

Let +he veelor @ have -Comyancnfx C?/' 3 6458 veclors g{-
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ThLS ideqd must dwhmy 1-14{ f
be cledr in ~> From now on . we will nd+ wr.Te the Summedion Symbol,
your mind before Tonsfead we will |avoKe the  SummATioN CoNvENTION —
Yoo move on. if ‘an index tppears twice | we will Raow that we

shiwld do a Svmnmnuhen L=4,2,2,



Use 2 differeat 1ndex
2. scalar product revisited ean vechr,

Consider two vectprs < r ey - bJ %

> 3 .
Then, -~ g-b = Zl g.&; Z bjgj = 4:1‘- b, (= 415,\‘-7,-_41“%53)
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(us;e:(::‘w& he buse vectors are gl- . QJ- =0 if I."-FJ.
mtabhon 7 °"‘H‘°ﬂ°”dl =4 f it‘! dnd dry> he  Summation Symbe)
3. Krodecker delta & (i=)z2,2 i= ,2,3)
) noTE: If you Lk
o ., . you may think aboyt
4, Definihan ° Sﬂ = o ”EJ Sy‘ as the componests
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"1 00
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C\ear}’ gl . QJ = &U _
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b. With this shorthand we wrdc
L A ,
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e 53 i5a
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vector oprration; saly acl on the Sy
Tn s basgbvchbfr not Ju-,( ijr;;ngnf; B'H\PJIG +he ;cuf:tr. Sum
. : e AP
i woulss bcalles —* o 1d-b = a; b =4; by }g je.f A

+he Summahen index. .
ard we 048w remank  +hat a dlf‘FefznT' dimmy 1ndex wao
' used for vechr (aje; , bie |.[NEVER wite 4% - 5%
Yy 9T X .
— this 15 Yeay Chnfu.nnf;

C. Remavkse () ir. = &t 622 + '63,5 =53 using the Summation Congrinon '/f-_3"
- == |

@1 important ———s=(i) §j->the pEetacement opeeator:
idea \ (i Yery offen , one will not wrife the A vecfors e/
and’ will wrife Af where (+ s ynderstood that | may
would b calied

ke GI“H'];e.r {IZ or 3, In ths case L
a ‘ﬁ_’e_gmdex Since i 5 free b ke gn e vadyes 1,22;5.

Slm.rLMIy, the vector egn G = b may  be

Wriken -

a; € = b e or a; =b; ad

L only appears once on each Side of +he egn (T
2100 > So 403 Smands B

Uz = by da= by,

sSwe
B Ffree 4o ke on The  vaige

32 sppaate cgbalfies @ g, = b,

(- Another example :

_q_rn b) c = Q,‘ bf. E._ = a’- 2‘-»‘- CJ..QJ' or QI' 5{' C.J- © s frec h
( B i agpeano A J ‘-faﬁe on The
hwice §o valyes {IZQ:

weum =i d
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fhis symbol vl be use fud
/ whenever ector produel3 doySe.

{J
£|"|¢

i=[1215 j:lﬁ?’ k22,3
+ - = .
4. De+in;‘k|g}\ : EEJK =; for -4 f IJJ)K are ol dl‘ﬁcefﬁrlt

0 i an/ o

4. Permytathion Symbe |

b1z are the same
In parhudar,

51}" =+ f l,J',lc are an EVEN permduion of 1,2,3

~> Eraa =1 3,2 =1 E23 =1
E:'/'u = -4 L.JJ"" QrE an ODD permufaiov of 2,2
€213 = =/

E,32 =~{ €32, =~f

NTE 3 67 even Pﬂ-,’,'w’n@"z“ e ngan Hd 4 even ¥ of mferchanges of He
1761CE€S ot occur 0 qet bk B Hie order 122 :
. o . .
o,nuioaau_s for m,e,am,uj of odd Perrnufaion. .

b, This definrhen” hao He 'Foi{wu}s ci-c.hc'. 4nd inferchangf /Jro‘;erf} :

and of two iadice; arse runph{ q.ﬂ'erchq,qj:cd, tHhe Sr'jn cﬁanjcr)
E:'J'u = Eik‘-j or

EiJ'iL = - EJLLc
Abo, sincé iy ik tan each indege ndentty fake on +he valde (2,2
E,‘i,L regroseats 21 guaatines,
. _

' Hen

C. Wwe -dlso have .

Cross -product
of base vectors
or any 2 vectors) will
always invonve the

permutahon Symbdl Eijk,

v = e5e <)

ard by re{cfrinj o the fxawe at r.sh'(‘, 3
evefy'l"hmﬂ 5 o0k, ! gAg, =+ €, = 1238,

-
A
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d. We now haw an effechve shorthand nofahon for rept ety
fhe vectr product,
b e=ank owik g-qg , =4
< S WS T E g = ak (gng) B
gk =

a; b Cijk SwY=— NOTE CAREFULLY THE 32562 OF THE INDICES
or with C= (e € , we

Exercisg s Yerdy ¥t this v5 in agreement

haw Ce = 05 'Dj Eij“ WwE.Lh represents 2
‘ -eqr.s for hf.'-l,‘{. ?r3,
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e, triple scalar product < 4 (bag)

"gaui we ¢ careful b use differeqss d-‘de‘\)l indices for each wechr <o

o 7 £ 7
2:8°0) = g g (berce)= g (G us)

4,"6; Ce Ejus £ €y
5il

- E‘_j:j. 4;'{’}.Cu = E‘.’.'J.“ d"'éJ-C"' = (Q”f)'C -_;/E'ng-é

e by usirg cyclic property

Recall also  hat of Eije .Exerdse - _
4, 4, dz convirke ywzseﬁi&mﬁ?&
- 1. - last 2 Wdemtrhis m
2. (b4¢) = det by by bz |= Eﬂkal!’\jc“- ndex expression,
< Ca <z v )
index repreetaiion of
+he 33 determunant
5 seful dentihs avolvias € g § : .
J Ld, dym can
fach ,‘.-,dgpmdmﬁy Take

LE ije Exim = §it d}',,, =~ Sin 51‘) on valus 42,3 Herke,

s egh (or/{_sfoﬂds
+ 8 quarhiic,

Proof ¢ vertfy by brate force for cach of +he S e;}ns.{
However, & 15 best 4o make Yown ife easier by nohcing that  both
sides chan_c)z sign § ether itJ' or L¥m am mferdua;%c,d, Also | both

sd® vanshe F l"'-j or d=m, ThEn, connider rcma.‘nfn‘-j ferms like ”
> Lo
Eizk Exan = ‘E—l??x/iﬁz + g2 T2+ Bi2w T =
angd o .
2 )
é.“ 6-7_?_— C&:{'é‘n_ = S0 p.k,
le{v\fﬁé

Eizk Eein = €12 €3 + G2y + €23ty "O"aloo Oudzz - 63623 =0 so ok,

et ;,_f

Bt ) smo e %23 Enni b G576
e ——

wely Emai Bm N E, = Ew Ean' € = &nim Eﬂ-mJ' S

(36 -fij)e =28 X

'lEvmmpl-e 2] Shaw 4ot Q"(}e“.@) = b(are) - ¢ (a-bk)

' o 1
arlbac) <of g 2 (b gnegy)= 4,“3:"‘(6"« €1 &) =a'b; & Eeleing)

- af‘[;ch E-Jk-l Ellm%-_-_- df'é Ce E-Ju..l E»{n”' g '-.-_.ql'bJ'Cu (&ngx.l'{}k&-ﬂ)s

H

J
= by € = b €0 = (@7G) by —(Gh) e s (4€) b - @h)e X
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Some A Bx amples of +he yse of index  notahon

First, a brief summaay of +he important ideas
) . - o IF)
() ei-g = &p= [ SN |
{H sk an even permgtuhon of 1,23
i

(i) £ 1 % - E.{}'k_ E Ej Y I'U';k an odd permutaiion of 1,23
O any two indices Hhe samc

(") summohon convenhod = whenever 2 Svbscr appears ice
a4 Summeation. From [+ 3 implred.

Examges

G) 51'&'631«_ = f-s-lj Siuxe 6‘31 i oniy nontero when J:P. so the k
wo S may be replaced by J-

Ui ‘ff = b-u + ‘5-2.2 + 6-53 = {4+ {4+ 4=3 vofe 2 Smee L wa a dUmmy

dexJ d}‘ =d-kl\'. = Omm Cﬁl
(h'l) Erj 5:;;'*4 = Eik =0 sinte  two of +he ndices are the Tame, ( (

GV) Efju. Eﬁjk. = eyk Egnj by fursh r:?’aﬁry He ndiCes on the Xecows £,

N
h’(,r(:, use  +he id-En+|+\{ : EEJ’uEz.Lm = &'I é:j"" - &iin 6:!‘1

I —rr—

¥ Erjk &Kn.j = b AJJ ) J’J J'U' = 3 4in -~ Fia o= 28,
h-‘g’ ==

(v) G ba Emnq, - qnbrnfmnq, =7
=¥ mgn oapetor fwice Wy €ach term  So Summ ehci 15 implied .
' But) m tn are Simply dU"M;Y vanables yuey we could st as well yse another  Jefler,
So, examine +he Second  ferm an[’m imng.

A L’mfmng_ = —dj ["mﬁnmg ) how et jzn} m=k

= ~ Q;bg £ which s the same aS the above since
J k SJ4 Summatios QOn BEL imrhed_

= T ldm Bh Eb'l L= M :
So,we See Yhat 4 "4 “ ’dhj . kxn
Ombn Emng — QnbmEmng =2 Qn bs Emrg
TSN ¢ component ot
(9’”5)3 -~ )



99
F  An Introduchen 1o Tensors # Lyadics
L Prelimin ary lemarks

4. We now wish P qeneralice our ideas Concernuy vechrs o
) ObJ ects called” tensors. Yo wiy _bPoth "h describe
i Some. of__the _mathematics _of _ ferforr . g Show.
weoe——Why _80d_ fow _they. arisé__in _physccel _ schiabeic

BT e i have previowy deseribed Sealary ¥ vedhors @i
scalon = charucterized by magm‘fUda -
veehr = chargctenized by magn'rl'vdém_f direction

Now ~+ 2% , dor donsor = charactenzed by majnﬁvdc 5_@ direchons,

(or a  dyeedid)
regarrded a5 one

c. You hgee acfva.ﬂ\f seen Some.‘l"ﬁuiﬂ Vely simddar before

For, ..ekampie ) the wchor a (bw) cowld be
wr. ften ~
g.. fLi' ‘ 2 NOTE ¢ To eliminate an
N~ B ambi wiy, vechs
dyadu: Y sperdtiou will be
¢ & defined fo oo

between the pearot
twe veLtory.

Wheh b the prperty ab-c = g (b

This pounfs +he Pollow tmporfurd  pryes 2 USig ‘,,'.;\c::.
nO‘i‘O."nf;\i. ) the quanh‘fy Bg .-.é may be w”ﬂ‘héa }d -
__q '_é < 0’- ?J €€ J. ' 4 Summedion conveEiol m'z(xj
f&ﬁ:"ﬂ}f" : 2 direchow j =hz3

d. - These  mathemaiical Oéjcds at regqune 2 dpectiow (o 3/}7d:'cef)
P be defined offer cortespond b T PHVSICAL  soations
where physwal  properhes are didfferent i dffereat dicecfiom,

( See page 105 )



NOlE+ T will alnurt ;,_Iway] adCFf‘ the neotfathon
that fowen cane leHer art veeherr and
Upper case letfer; are ftferifors,

/00
2. Defincho  of a 2% srder dyadec
2. Define e 2% 4rder d}adc,é T I’Y T = ab
and assign i the fbllow-nﬁ = = o
operad properfies s N
i ] = . - ’ ‘_Z'.H n (7]
@.e:T = £db =(@a)t () vl
T T W aTE(ee) T T
Gi) It I,_;s , R are “‘:-!\[_aduc,s then we alse definé smrard
linear opAchians: o
_ E(I*E + R o+ee )2 2T -S4 coR #-es
(I+§+E +---)-c. = I’E + Sec +__@-g goo

(a5 you would expect )

NoTE ¢ = a4 vYechr can be m%u of as a fust order” dyads o fersor
and a4 Salar M i L ) 7 0 P

< The nntr product of dyadic and a wvector C(
produces 4 vecty | )

= ORPER 15 MPORTANT ¢ E‘I 75' I’E-

: . ecfor operalions occur befnees
b- USmj lndm no-hl:“ﬁh we  wride (#Y'_ mqre_s’f)- o s\'fﬁcf'ours )

a= o ¢ b= 5% = T = abj s
So F—-—'——ﬁrk
c.T = c O b e = [non )k o
el = s ubgrg = (Ga)bie =g
md Toe = aingzl.%..cr_g,,_ = (@g) 5G = a (k)
1___——{,53,‘

Alternafively, we can discuss T = TU’ e &
and speak  of  the 2™ orden tewsor T.

1 reguste € ndicee o
Chaoacterre  completely {

NOTATION ¢ T dente g 2 order tensor uding 2 undertings

[:?ene.ral&J Veetds will be  lower case and 27 order tensors u‘a‘;crca:c)
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' SFSumpfc idea The work done by G force achng dhogh o dusdlacement o s £, 4

o :
linear OPC’ILTDF)

2. 2% o des 4ensors

4. A 2% order tensor can be Y
Thet has a vechr Br b tnput

b, Car f‘-e.s‘tén't...cdﬁu;oamnf: of o 2% rank

Letls  tonsider an dfbff?'l_z

Formal CDPEFM‘JM ) V/ZU /

oy 50 you <otld choose o thie ' abeut F a5 a lexur Orcrata-

fhat , onxe fed +he Ioplacenent o | Lickls g scalsn we call work, §-d .

/04

An aHernahve way of %hkiﬂg about M.«szs

s .
HE of as a ‘machme”
oufpw’s ancther vechr !

.iv

_which we  dencte
._;r., g = b

. 1 opera‘f‘vé ana
T dnasther vector

VeClor C= (& + GS,+ Cp &g
oinf,
15 ®

Z.E: Cy I-g,‘ + G I-g‘i + G

= gw‘ L opeiate o veetsrs and produces other vec fors

or €xampg

and &malaniy
. QY =

.~_E-

— -

(e,

Txy

Thws,  stnce Cx =

W dn  wnfe €n i as

o= T &lece)r Tyt

T Ty & @ys) t Ty e (g

. Chuose fo

Ex T TW £y

z ° sz ey + Tyz &y

E'gx ) C)r=

weite

1-

c.

Ty

Tey = Txx Sx 4 Tyx gy + Tzx €a

£

<=
which 4y 4 vechr,

2

T2z €3

€

y

)

Cg = £-%;

)+ Tex 8 &-¢)
e) + Tey ez (gy-¢)

T Txa & (&'8) + Tz EyEee) + T & (& ¢) D styht

Txx €<Cx ¢ Tx\’ € €

y + Ty‘i _e.j_e.a

Te=[than Ty g -5 g

tlax S2& + Tgy €8y * Tex ¢,

L—

The set of
? euantrhes Tij are called

. e Cartesign Companents af'_I_

rearrangem ext

W Hhe sef of dyadus

Vel
C . . {gx.e-x) gxg" Jgkg-a
artgsran rep resentefion of e : /
2% order tensor €y ¢x ; 5a

pu—
—

basis B the 29 order
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3, 2o Order 7Fensors (fanf}v_)y&dj

. Jorr samplc  represenrajins &o’mj 10den  norErTIy

&.'
J cho
eT = & Tk = gTice, (o)
Tc = Tygy S v e = Tijer g L (aveen)
- - e ..._.-_.,._._- Q - i&:l-k_ - . . . - . - . e e e e ——
=> TRULES : Ne.rhn;? c.onyenhwi = vector eperaiitns occur
, : setween fhe closest pair
of unit vectors
EXGMP\C ¢ —
Icc=Tjsgrcue =Ty, e (g578)= T < Bem & Em
'?Iofde" of unt vectors s now lmpnrh@
[
d, Notice  ‘he S&n{lm&‘q with matrices § A 3x3 aafrix 3:1 : :] -
has G entri€s which we can thiak of as x x X
coniponeats of a 2% orckr fe€nsor;
Each of +he componests of a 2% rank teassr | ”’”gj‘é
_ ras fwe directions associated with H,
e. fice that
rotice 4.b o a Sscalor
- (In generad,
g L. 'I- ..g are vectors g,j',#' Z'ﬂ )
Q-T-b 5’ EIE_ ~are Scalars,
Pofe = In +he  expremion, , G- Teb | the order Lk which
Yhe  inner predvity are tuken doen not maffer,
To sce thi, - A]‘-; ] Bg L
Db > (T ) ks =0T =3 LA i)
d.nd 4 ef .‘{/. . b
a+(T-k) = 4" (Tubu ‘J) = 9 ik P
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7. The umt feﬂ;ﬁaf A is  defined as

—4

Kronecker /—_\_’“ ce S analogue of +h
aelin _:[__..: - &J = §j > rn“rf-;cj matrix ¢
i O ©
and clearly hay Yhe R ( i )
/ PW e g o c{

g1 =4
E .E '.."_E

4- H-|3her order 4ensors - Iy s Sstrughtforward fo  construct
h:sher orden feiSors =  Add indices

Q. Here we  will only menhon thid orden feroory aira@fﬁf%@)

€34
___E = Stk €€ e ==+ 2
50 Sf:)"’- rcP’CS(n'b
) 2
Notice )y § ver the  vectpr a=qQ g,) 7 fermo

Yhen c -

go g = al g! . Sle e g e& = Q Sijl‘. g-gl(.
S{mm% (a, 2™ order 1‘8»1:0/)

gg = SU;,_ . g,% 5 a ZQ- ordgy TEASOr

b Fermutuafion  tensor =

L

= e (=]
EJe =58

wheg @i S e permdahior symbol
when dsTossing  +he  vechr Pmdy:*o intreduced eanlien

Exercige 3 Shew I ALl =-£ “(be careful
= = = wih order
of vector
operafions qnd

indic es )



3. Symmetnc 4 /’mﬁ-:iymn;efné Tensors
4. Recall the trawspose of a rmatrin
Ay An A T _ [ A Az Az
A= [A;,, Az Azs-] "H'cn A s Az A Ay
_thn A A A VY T
DR o hranspose e L
Furehermore, & maim wet caed S¥ETEC_ € ASAT T
ard was called ANT-SYMMETRIC & A= - AT
3 ~ A Ay - o An A
U AN Av-RT =S e
. Az Ay Azxz “Ai. O Ay
Ay Axz Aaz ~Ay -A23 O
b.

We mow gavalize thee des  fo 2 gk tencors

G) A Z’d order tensor I iS' s:[h‘mctrcc £ I"IT or -ru:'--‘:"i_

GY 4 2% order fensor T us arfi-symmetnc - f T=—IT or Tij=-Tji

Seme  impor tant properhés (analojsm o mabuey Shown above) !

symmetie s = Tij ‘Tji = onk b ndependedt componcis
arfi- symmetné  tergor = Ti"—'-gi

i = o 3 iodependent componeris

é and we will see 11 e

homervre Hut an arrri-rymmefnc'
enfer can be reproscrie I-L‘ii.nj
a vector.

G Evcry 2™ order tense can be expressed as the sum
of a symmetrid Gad  Gn ayli~symmeinc  femor,

For example,

symmene aif=§ ymmkmc' |

(Hhis is amto@s to deeompesiios of @ funchon
eyen and o ‘)‘uﬂcflmﬁ, P b )

N

o,
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\SDJ

Tensurs and My p/z?(:ma,/ worid

/05

now o havé Seen  that a.,. th_i order tensor iz g ri‘laffftn.'aflaf
objeq" +hat ( linearly) Seads  vecrors iato  piper vechors
Ts  dew s paticulaaly . pseful when describing physicay
sifvations where | e p:ysm__properhes . are _difeent n
different dwvechens, and you are. cepresenting . guantifies . characterped
o e _ e 6;__Q_..v'.¢!5ﬁ"- ]
Exumples : e - ] e o _
A current 3e.ne.rcd'td _mj = g'T_E_ . i
e 1o Qn+ap‘pheed, _ ')i::" . '\ irial
e ¢ Tield . leeneat
elecprie ~ currett des ci:%ucﬁw-fy
(( We”f/(area- ture) tenser
T
@) Anquion monenfur L
i a pownt fir E=l-w v
a body rotafiig with = 3
dﬂjﬂ( Veloy W : 7 '
mowent of
_ inerfid fensor
Persenally, T fird
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